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No-Core Configuration Interaction calculations

Barrett, Navrátil, Vary, Ab initio no-core shell model, PPNP69, 131 (2013)

Given a Hamiltonian operator

Ĥ =
∑

i<j

(p⃗i − p⃗j)2

2mA
+
∑

i<j

Vij +
∑

i<j<k

Vijk + . . .

solve the eigenvalue problem for wavefunction of A nucleons

ĤΨ(r1, . . . , rA) = λΨ(r1, . . . , rA)

Expand wavefunction in basis states |Ψ⟩ =
∑

ai|Φi⟩

Diagonalize Hamiltonian matrix Hij = ⟨Φj |Ĥ|Φi⟩

No-Core CI: all A nucleons are treated the same

Complete basis −→ exact result

In practice

truncate basis

study behavior of observables as function of truncation
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Expand eigenstates in basis states 



Nuclei represent strongly interacting, self-bound, open systems with multiple scales – 
a computationally hard problem whose solution has potential impacts on other fields 
 
Question:   What controls convergence/uncertainties of observables? 
Answer:     Characteristic infrared (IR) and ultraviolet (UV) scales of the operators. 
 
In a plane-wave basis: 
      λ = lowest momentum scale - can be zero (e.g. Trel, r

2, B(EL), . . . ) 
      Λ = highest momentum scale - can be infinity (e.g. Trel, hard-core VNN) 
 
In a harmonic-oscillator basis with Nmax truncation: 
      
       
 

  

λ≈ !Ω
Nmax

Λ≈ !Ω Nmax

What are examples of the other physically relevant scales in nuclear physics? 
     Interaction scales  (total binding, Fermi momentum, SRCs, one-pion exchange, . . . )  
     Leading dissociation scale (halos, nucleon removal energy, . . .) 
     Collective motion, clustering scales (Q, B(E2), giant modes, . . . ) 
 
 
 



Guidelines for many-body calculations to guarantee preserved predictive power: 
 
1. Select basis regulators: 
                          
          all relevant IR scale limits  
            

     all relevant UV scale limits except Trel 
 
2. Since Trel has simple IR and UV asymptotics, extrapolation is feasible. 
     
!  J-matrix for scattering – takes both IR and UV limits of HO basis 
!  IR extrapolation tools developed over past ~5 years  
 
 
 
To follow guideline #1, the OLS method provides the advantage of transforming  
all operators to act only within the scale fixed by the basis regulators.   
 
The cost:        induced many-body operators need to be assessed 
The benefit:    extrapolation may be avoided 

 

λ≤
Λ≥



Phenomeological NN interaction: JISP16

JISP16 tuned up to 16O

Constructed to reproduce np scattering data

Finite rank seperable potential in H.O. representation

Nonlocal NN -only potential

Use Phase-Equivalent Transformations (PET) to tune off-shell
interaction to

binding energy of 3H and 4He

low-lying states of 6Li (JISP6, precursor to JISP16)

binding energy of 16O

Physics Letters B 644 (2007) 33–37

www.elsevier.com/locate/physletb
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Ground state energy of p-shell nuclei with JISP16
Maris, Vary, IJMPE22, 1330016 (2013)
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10B – most likely JISP16 produces correct 3+ ground state,
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11Be – expt. observed parity inversion within error estimates of extrapolation
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Compare theory and experiment for 24 nuclei         Maris, Vary, IJMPE22, 1330016 (2013) 



Energies of narrow A=6 to A=9 states with JISP16

Maris, Vary, IJMPE22, 1330016 (2013)
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Compare theory and experiment for 33 states            Maris, Vary, IJMPE22, 1330016 (2013) 
 



Ground state magnetic moments with JISP16
Maris, Vary, IJMPE, in press
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Compare theory and experiment for 22 magnetic moments   Maris, Vary, IJMPE22, 1330016 (2013)  



Extrapolating to the infinite matrix limit  
i.e. to the “continuum limit” 

 
Results with both IR and UV extrapolations 
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=> Uncertainty Quantification  
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=> Apply new extrapolation method:  
     D. Odell, T. Papenbrock and L. Patter, arXiv 1512.04851 
     Extrapolations by Thomas Papenbrock 
    

10.2 +/- 0.8 9.8 +/- 0.7 
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Outline	
  of	
  the	
  OLS	
  process	
  

  

UHU † =U[T +V ]U † = Hd

H eff =UOLSHUOLS
† = PH effP= P[T +Veff ]P

UP = PUP

!UP = P !UPP= UP

UP†UP

H eff = !UP†Hd
!UP = !UP†UHU † !UP = P[T +Veff ]P

Oeff = !UP†UOU † !UP = P[Oeff ]P
UOLS = !UP†U



Consider the Deuteron as a model problem with V = JISP16 
λ(JISP16) ~ 50 MeV/c & Λ(JISP16) ~ 500 MeV/c solved in the 
harmonic oscillator basis with ħΩbasis = 10, 20, 30 and 40 MeV. 
Also, consider the role of an added harmonic oscillator quasipotential 

Hamiltonian #1 
 
Hamiltonian #2 
 
Hamiltonian #3 
 
 
 
Other observables: 
Magnetic dipole moment                  M1 
Root mean square radius                 R 

Electric quadrupole moment            Q2 
E2 transition (J=2 to deuteron gs)    E2 
 
Dimension of the “full space” is 60 for the results depicted here 
 

  

H =T +V
H =T +Uosc (!Ωbasis )+V
H =T +Uosc (!Ω =10MeV)+V
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λ(MeV / c)

 Λ≥600 MeV / c Λ≥ 400 MeV / c

Single function of λ emerges when Λbasis > ΛNN(JISP16) ~ 500 MeV/c 
However, OLS results are independent of basis regulators λ and Λ  
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Future Plans: 
 
Expand treatment to larger set of EW operators 
 
Include corrections (e.g. from Chiral EFT) to EW operators 
 
Implement in finite nuclei: 
 
     Input OLS’d operators as TBMEs 
 
     Use TB density matrices (static and transition) 
     to evaluate OLS’d observables and compare with 
     results from bare observables  
 
Extend to 3-body H with OLS at 3-body level 
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Calculation of three-body forces at N3LO

Goal

Calculate matrix elements of 3NF in a partial-

wave decomposed form which is suitable for 

different few- and many-body frameworks

Challenge

Due to the large number of matrix elements, 

the calculation is extremely expensive.

Strategy

Develop an efficient code which allows to 

treat arbitrary local 3N interactions. 

(Krebs and Hebeler)



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Conclusions/Outlook	
  
	
  
!  OLS	
  procedure	
  is	
  well-­‐suited	
  for	
  renormalizing	
  the	
  strong	
  and	
  the	
  electroweak	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  interac?ons	
  to	
  match	
  the	
  IR	
  and	
  UV	
  scales	
  of	
  the	
  many-­‐body	
  basis.	
  
	
  
! Much	
  work	
  needs	
  to	
  be	
  done	
  to	
  improve	
  the	
  inter-­‐nucleon	
  interac?ons,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  electroweak	
  observables	
  consistent	
  with	
  those	
  interac?ons	
  and	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  many-­‐body	
  methods	
  to	
  further	
  increase	
  predic?ve	
  power	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  fully	
  exploit	
  the	
  discovery	
  poten?al.	
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