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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting

Interactions from Chiral EFT

• organization in powers                allows systematic improvement

• low-energy constants fit to NN, 3N data (future: from Lattice QCD (?))

• consistent NN, 3N, ... interactions & operators (electroweak 

transitions!) 

[figure by H. Krebs]
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The Similarity Renormalization Group
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Scales of the Strong Interaction

• quarks, gluons


• pions, nucleons, ...


• nuclear interactions


• few-nucleon systems


• finite nuclei


• nuclear structure & reactions

TheoreticalContext

RobertRoth–TUDarmstadt–05/2011
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Similarity Renormalization Group

• flow equation for Hamiltonian                                : 

• choose         to achieve desired behavior, e.g.,

to suppress (suitably defined) off-diagonal Hamiltonian

• consistent evolution for all observables of interest

Basic Idea
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis
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chiral NN + 3N

N3LO + N2LO  (3H fit)

SRG in Three-Body Space
SRG Evolution in Three-Body Space
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N3LO + N2LO, triton-fit, 500 MeV
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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(Multi-Reference) In-Medium SRG
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Ground-State Decoupling

• reference state: single Slater 
determinant
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Single-Reference Case
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• reference state: Slater determinant 

• normal-ordered operators depend on occupation 
numbers (one-body density)
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Multi-Reference Case

• reference state: arbitrary

• normal-ordered operators depend on up to irreducible n-
body density matrices of the reference state

…
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MR-IM-SRG References States

• number-projected Hartree-Fock Bogoliubov vacua:

• small-scale (e.g., 0ℏΩ, 2ℏΩ ) No-Core Shell Model:

• Generator Coordinate Method (w/projections):

• Density Matrix Renormalization Group, Tensor Network 
States, …
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Decoupling in A-Body Space

aim: decouple reference state  
from excitations
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Flow Equation
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Decoupling
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Decoupling

off-diagonal couplings 
are rapidly driven to zero

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@Me

VD

40Ca
E
E+MBPTH2L

���	, � = �.� ����, ��
 = �

non-perturbative 
resummation of MBPT series 

(correlations)



Ground-State Calculations

H. H., in preparation

H. H., S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, Phys. Rept. 621, 165 (2016)                   

H. H., S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90, 
041302 (2014)

H. H., S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)
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Oxygen Isotopes

• Multi-Reference IM-SRG with number-projected Hartree-Fock-
Bogoliubov reference state

• consistent results from different many-body methods

HH et al., PRL 110, 242501 (2013), ADC(3): A. Cipollone et al., PRL 111, 242501 (2013)

correct drip line



H. Hergert - FUSTIPEN Workshop “Future Directions for Nuclear Structure and Reaction Theories: Ab Initio Approaches for 2020”- GANIL, Mar 15, 2016

Ê Ê

Ê Ê Ê Ê

Ê Ê

Ê

Ê Ê Ê
Ê

‡ ‡

‡ ‡ ‡ ‡

‡ ‡

‡
‡ ‡ ‡

‡

38 40 42 44 46 48 50 52 54 56 58 60 62
-10

0

10

20

30

40

A

S 2
n
@Me

VD

L3N@MeVêcD
400
350

l=1.88...2.24 fm-1

Á Ê
· ‡
êê

Ca

Calcium Isotopes

• differential observables 
(S2n, spectra,...) filter out 
interaction components 
that cause overbinding

• predict flat trends for g.s. 
energies/S2n beyond 54Ca 
- await experimental data

• 52Ca, 54Ca magic for 
these NN+3N interactions 

• no continuum coupling 
yet, other S2n uncertain-
ties < 1MeV 

Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê Ê Ê Ê Ê Ê

‡

‡

‡

‡ ‡

·

·

·

· ·

Ù

Ù

Ù

Ù Ù

ı

ı

ı

ı ı
34 36 38 40 42 44 46 48 50 52 54 56 58 60 62

-500

-450

-400

-350

-300

-250

A

E
@Me

VD

MR-IM-SRG
CCSD
CR-CCH2,3L

l=1.88...2.24 fm-1

Á Ê

· ‡

ı Ù

ê
ê
ê

Ca

NN + 3N(400)
HH et al., PRC 90, 041302(R) (2014)



H. Hergert - FUSTIPEN Workshop “Future Directions for Nuclear Structure and Reaction Theories: Ab Initio Approaches for 2020”- GANIL, Mar 15, 2016

Isotopic Chains Around Ca

• S2n consistent with Gor’kov GF, (weak) shell closure 
predicted in 46Ar                                                                 
(Somà et al., PRC 89, 061301(R), 2014)

• 48,49Ar masses measured at NSCL, 46Ar shell closure 
confirmed                                                                               
(Meisel et al., PRL 114, 022501, 2015)
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The Mass Frontier: Tin

• systematics of overbinding similar to Ca (and Ni)
• not converged with respect to 3N matrix element truncation:

(e1,2,3 : SHO energy quantum numbers)
• need technical improvements to go further

NN + 3N(400)
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Oxygen Radii

Prel im
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V. Lapoux, V. Somà, C. Barbieri, H. H., J. D. Holt, and S. R. Stroberg, in preparation

more on NNLOsat:

talk by C. Forssén



Magnus Formulation 

of the In-Medium SRG

T. D. Morris, N. M. Parzuchowski, S. K. Bogner, in preparation

T. D. Morris, N. M. Parzuchowski, S. K. Bogner, PRC 92, 034331 (2015)

W. Magnus, Comm. Pure and Appl. Math VII, 649-673 (1954)
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Magnus Series Formulation

• explicit exponential ansatz for unitary transformation:

• flow equation for Magnus operator :

(Bk: Bernoulli numbers)

• construct                                  using Baker-Campbell-
Hausdorff expansion (Hamiltonian + effective operators)

• truncate operators to two-body level (as in NO2B, IM-
SRG(2))

6(Z) = <(Z)6�<†(Z)

<(Z) = S L_W
� Z

�
KZ��(Z�) � L_W (Z)

K
KZ =

��
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MAGNUS(2) 16O

𝐻𝑠 =  
𝑘=0

1
𝑘!
𝑎𝑑Ω𝑘(𝐻0)2𝐵

Magnus vs. Direct Integration

IM-SRG(2)  
≈ Magnus(2)

Euler integrator sufficient, 
unitarity built in!
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Approximate IM-SRG(3)/Magnus(3)

approximate restoration of 
induced 3N terms:

where

W(�) =
��

k=1

1
k!ad

k (H0)3B

�
�

, �H(�)
�
3B

�H(�) =
��

k=1

1
(k+ 1)!

adk (H0)2B

➡energy correction (dressed ~ CR-CC(2,3)):

E = � 1
36
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Stretched WaterPuzzling Chemistry results

(PSI4)



IM-SRG for Excited States

N. M. Parzuchowski, T. D. Morris, S. K. Bogner, in preparation
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Excited State Decoupling

Can we decouple multiple states simultaneously? Maybe 
entire blocks?
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Quantum Dots

➡Multi-state decoupling can generate sizable induced 
forces…

Ground state decoupling

Decoupling of excitation blocks

Excited State Calculation in 6-particle Quantum Dots
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Sub-Block Decoupling
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control induced forces by only 
decoupling a 1p-1h (“valence”) 
sub-block
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Equation-of-Motion Method

• describe “excited states” based on reference state:

•  IM-SRG effective Hamiltonian in EOM approach:

• ansatz for excitation operator (g.s. correlations built into 
Hamiltonian):

• polynomial effort vs. factorial scaling of Shell Model

• future: exploit multi-reference capabilities (commutator 
formulation identical to flow equations)

�� k
�
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k
�� 0
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Spectra of Closed-Shell Nuclei

EOM-CCSD results courtesy of G. Hagen



Epilogue
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Progress in Ab Initio Calculations

2005
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Progress in Ab Initio Calculations

2015
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Summary

• predictive theory: interaction, operators, many-body 
method with systematic uncertainties & convergence to 
exact result

• enormous progress in ab initio nuclear structure and 
reactions

• rapidly growing capabilities: g.s. energies, spectra, radii, 
transitions, etc. for increasingly heavy nuclei

• new generation of chiral Hamiltonians, greatly improved 
optimization - also more accurate (?)

• NNLOsat, NNLOsim

• EKM / LENPIC interactions

• local NNLO

IM-SRG+

Shell Model:


talk by J. D. Holt
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NNLOsat(uration) RAPID COMMUNICATIONS

A. EKSTRÖM et al. PHYSICAL REVIEW C 91, 051301(R) (2015)

FIG. 1. (Color online) Ground-state energy (negative of binding
energy) per nucleon (top), and residuals (differences between com-
puted and experimental values) of charge radii (bottom) for selected
nuclei computed with chiral interactions. In most cases, theory
predicts too-small radii and too-large binding energies. References:
a [40,41], b [24], c [23], d [22], e [42], f [43], g [44], h [45], i [46].
The red diamonds are NNLOsat results obtained in this work.

to low-energy observables (as opposed to the traditional
adjustment of two-nucleon forces to NN scattering data at
higher energies). Third, the impact of many-body effects
entering at higher orders (e.g., higher-rank forces) might be
reduced if heavier systems, in which those effects are stronger,
are included in the optimization.

Besides these theoretical arguments, there is also one
practical reason for a paradigm shift: predictive power and
large extrapolations do not go together. In traditional ap-
proaches, where interactions are optimized for A = 2,3,4,
small uncertainties in few-body systems (e.g., by forcing a
rather precise reproduction of the A = 2,3,4 sectors at a
rather low order in the chiral power counting) get magnified
tremendously in heavy nuclei; see, for example, Ref. [24].
Consequently, when aiming at reliable predictions for heavy
nuclei, it is advisable to use a model that performs well for
light- and medium-mass systems. In our approach, light nuclei
are reached by interpolation while medium-mass nuclei by a
modest extrapolation. In this context, it is worth noting that the
most accurate calculations for light nuclei with A ! 12 [59]
employ NNN forces adjusted to 17 states in nuclei with
A ! 8 [60]. Finally, we point out that nuclear saturation can
be viewed as an emergent phenomenon. Indeed, little in the
chiral EFT of nuclear forces suggest that nuclei are self-bound
systems with a central density (or Fermi momentum) that is
practically independent of mass number. This viewpoint makes
it prudent to include the emergent momentum scale into the
optimization, which is done in our case by the inclusion of
charge radii for 3H, 3,4He, 14C, and 16O. This is similar in spirit
to nuclear mean-field calculations [61] and nuclear density
functional theory [62,63] where masses and radii provide key
constraints on the parameters of the employed models.

Optimization protocol and model details. We seek to
minimize an objective function to determine the optimal set
of coupling constants of the chiral NN + NNN interaction
at NNLO. Our dataset of fit-observables includes the binding
energies and charge radii of 3H, 3,4He, 14C, and 16O, as well

TABLE I. Binding energies (in MeV) and charge radii (in fm)
for 3H, 3,4He, 14C, and 16,22,23,24,25O employed in the optimization of
NNLOsat.

Eg.s. Expt. [69] rch Expt. [65,66]

3H 8.52 8.482 1.78 1.7591(363)
3He 7.76 7.718 1.99 1.9661(30)
4He 28.43 28.296 1.70 1.6755(28)
14C 103.6 105.285 2.48 2.5025(87)
16O 124.4 127.619 2.71 2.6991(52)
22O 160.8 162.028(57)
24O 168.1 168.96(12)
25O 167.4 168.18(10)

as binding energies of 22,24,25O as summarized in Table I.
To obtain charge radii rch from computed point-proton radii
rpp we use the standard expression [64]: ⟨r2

ch⟩ = ⟨r2
pp⟩ +

⟨R2
p⟩ + N

Z
⟨R2

n⟩ + 3!2

4m2
pc2 , where 3!2

4m2
pc2 = 0.033 fm2 (Darwin–

Foldy correction), R2
n = −0.1149(27) fm2 [65], and Rp =

0.8775(51) fm [66]. In this work we ignore the spin-orbit
contribution to charge radii [67]. From the NN sector, the
objective function includes proton-proton and neutron-proton
scattering observables from the SM99 database [68] up to
35 MeV scattering energy in the laboratory system as well
as effective range parameters, and deuteron properties (see
Table II). The maximum scattering energy was chosen such
that an acceptable fit to both NN scattering data and many-
body observables could be achieved.

In the present optimization protocol, the NNLO chiral
force is tuned to low-energy observables. The comparison
with the high-precision chiral NN interaction N3 LOEM [49]
and experimental data presented in Table II demonstrates the
quality of NNLOsat at low energies.

The results for 3H and 3,4He (and 6Li) were computed
with the no-core shell model (NCSM) [6,10] accompanied
by infrared extrapolations [75]. The NNN force of NNLOsat
yields about 2 MeV of binding energy for 4He. Heavier nuclei

TABLE II. Low-energy NN data included in the optimization.
The scattering lengths a and effective ranges r are in units of fm. The
proton-proton observables with superscript C include the Coulomb
force. The deuteron binding energy (ED , in MeV), structure radius
(rD , in fm), and quadrupole moment (QD , in fm2) are calculated
without meson-exchange currents or relativistic corrections. The
computed d-state probability of the deuteron is 3.46%.

NNLOsat N3 LOEM [49] Expt. Ref.

aC
pp −7.8258 −7.8188 −7.8196(26) [70]

rC
pp 2.855 2.795 2.790(14) [70]

ann −18.929 −18.900 −18.9(4) [71]
rnn 2.911 2.838 2.75(11) [72]
anp −23.728 −23.732 −23.740(20) [73]
rnp 2.798 2.725 2.77(5) [73]
ED 2.22457 2.22458 2.224566 [69]
rD 1.978 1.975 1.97535(85) [74]
QD 0.270 0.275 0.2859(3) [73]

051301-2
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NN and 3N interaction


• inputs: 

• phase shifts (Elab ≤ 35 

MeV) 

• 3H, 3He, 4He g.s. energies 

& radii (s-shell)

• 14C, 16O g.s. energies & 

radii (p-shell)

• 22,24,25O g.s. energies (sd-

shell)
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NNLOsat
RAPID COMMUNICATIONS

A. EKSTRÖM et al. PHYSICAL REVIEW C 91, 051301(R) (2015)

FIG. 1. (Color online) Ground-state energy (negative of binding
energy) per nucleon (top), and residuals (differences between com-
puted and experimental values) of charge radii (bottom) for selected
nuclei computed with chiral interactions. In most cases, theory
predicts too-small radii and too-large binding energies. References:
a [40,41], b [24], c [23], d [22], e [42], f [43], g [44], h [45], i [46].
The red diamonds are NNLOsat results obtained in this work.

to low-energy observables (as opposed to the traditional
adjustment of two-nucleon forces to NN scattering data at
higher energies). Third, the impact of many-body effects
entering at higher orders (e.g., higher-rank forces) might be
reduced if heavier systems, in which those effects are stronger,
are included in the optimization.

Besides these theoretical arguments, there is also one
practical reason for a paradigm shift: predictive power and
large extrapolations do not go together. In traditional ap-
proaches, where interactions are optimized for A = 2,3,4,
small uncertainties in few-body systems (e.g., by forcing a
rather precise reproduction of the A = 2,3,4 sectors at a
rather low order in the chiral power counting) get magnified
tremendously in heavy nuclei; see, for example, Ref. [24].
Consequently, when aiming at reliable predictions for heavy
nuclei, it is advisable to use a model that performs well for
light- and medium-mass systems. In our approach, light nuclei
are reached by interpolation while medium-mass nuclei by a
modest extrapolation. In this context, it is worth noting that the
most accurate calculations for light nuclei with A ! 12 [59]
employ NNN forces adjusted to 17 states in nuclei with
A ! 8 [60]. Finally, we point out that nuclear saturation can
be viewed as an emergent phenomenon. Indeed, little in the
chiral EFT of nuclear forces suggest that nuclei are self-bound
systems with a central density (or Fermi momentum) that is
practically independent of mass number. This viewpoint makes
it prudent to include the emergent momentum scale into the
optimization, which is done in our case by the inclusion of
charge radii for 3H, 3,4He, 14C, and 16O. This is similar in spirit
to nuclear mean-field calculations [61] and nuclear density
functional theory [62,63] where masses and radii provide key
constraints on the parameters of the employed models.

Optimization protocol and model details. We seek to
minimize an objective function to determine the optimal set
of coupling constants of the chiral NN + NNN interaction
at NNLO. Our dataset of fit-observables includes the binding
energies and charge radii of 3H, 3,4He, 14C, and 16O, as well

TABLE I. Binding energies (in MeV) and charge radii (in fm)
for 3H, 3,4He, 14C, and 16,22,23,24,25O employed in the optimization of
NNLOsat.

Eg.s. Expt. [69] rch Expt. [65,66]

3H 8.52 8.482 1.78 1.7591(363)
3He 7.76 7.718 1.99 1.9661(30)
4He 28.43 28.296 1.70 1.6755(28)
14C 103.6 105.285 2.48 2.5025(87)
16O 124.4 127.619 2.71 2.6991(52)
22O 160.8 162.028(57)
24O 168.1 168.96(12)
25O 167.4 168.18(10)

as binding energies of 22,24,25O as summarized in Table I.
To obtain charge radii rch from computed point-proton radii
rpp we use the standard expression [64]: ⟨r2

ch⟩ = ⟨r2
pp⟩ +

⟨R2
p⟩ + N

Z
⟨R2

n⟩ + 3!2

4m2
pc2 , where 3!2

4m2
pc2 = 0.033 fm2 (Darwin–

Foldy correction), R2
n = −0.1149(27) fm2 [65], and Rp =

0.8775(51) fm [66]. In this work we ignore the spin-orbit
contribution to charge radii [67]. From the NN sector, the
objective function includes proton-proton and neutron-proton
scattering observables from the SM99 database [68] up to
35 MeV scattering energy in the laboratory system as well
as effective range parameters, and deuteron properties (see
Table II). The maximum scattering energy was chosen such
that an acceptable fit to both NN scattering data and many-
body observables could be achieved.

In the present optimization protocol, the NNLO chiral
force is tuned to low-energy observables. The comparison
with the high-precision chiral NN interaction N3 LOEM [49]
and experimental data presented in Table II demonstrates the
quality of NNLOsat at low energies.

The results for 3H and 3,4He (and 6Li) were computed
with the no-core shell model (NCSM) [6,10] accompanied
by infrared extrapolations [75]. The NNN force of NNLOsat
yields about 2 MeV of binding energy for 4He. Heavier nuclei

TABLE II. Low-energy NN data included in the optimization.
The scattering lengths a and effective ranges r are in units of fm. The
proton-proton observables with superscript C include the Coulomb
force. The deuteron binding energy (ED , in MeV), structure radius
(rD , in fm), and quadrupole moment (QD , in fm2) are calculated
without meson-exchange currents or relativistic corrections. The
computed d-state probability of the deuteron is 3.46%.

NNLOsat N3 LOEM [49] Expt. Ref.

aC
pp −7.8258 −7.8188 −7.8196(26) [70]

rC
pp 2.855 2.795 2.790(14) [70]

ann −18.929 −18.900 −18.9(4) [71]
rnn 2.911 2.838 2.75(11) [72]
anp −23.728 −23.732 −23.740(20) [73]
rnp 2.798 2.725 2.77(5) [73]
ED 2.22457 2.22458 2.224566 [69]
rD 1.978 1.975 1.97535(85) [74]
QD 0.270 0.275 0.2859(3) [73]
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interaction. The quest for nuclear forces of high fidelity has now reached a critical stage (Fig. 
1a).   
 
In this study we use the recently developed next-to-next-to-leading order chiral interaction 
NNLOsat (ref. 23) that is constrained by radii and binding energies of selected nuclei up to mass 
number A≈25. It provides a basis for accurate ab initio modeling of light and medium-heavy 
nuclei. Combined with a significant progress in algorithmic and computational developments in 
recent years24, the numerical cost of solving the ab initio nuclear many-body problem has 
changed from exponential to polynomial in the number of nucleons A, with coupled-cluster 
theory being one of the main drivers24. The present work pushes the frontier of accurate nuclear 
ab initio theory all the way to 48Ca (Fig. 1b).  
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Figure 1 | Ab initio computations for atomic nuclei. a, Diagrammatic illustration of nuclear 
forces based on chiral effective field theory21,22, with nucleons being shown as full lines and 
exchanged pions as dashed lines. The left column corresponds to nucleon-nucleon (NN) 
interactions, while the right column shows three-nucleon (NNN) diagrams. Rows display 
contributions from diagrams of leading order (LO), next-to-leading order (NLO), etc.; progress 
milestones are indicated. b, Trend of realistic ab initio calculations for the nuclear A–body 
problem. In the early decades, the progress was approximately linear in the mass number A 
because the computing power, which increased exponentially according to the Moore’s law, was 
applied to exponentially expensive numerical algorithms. In recent years, however, new-
generation algorithms, which exhibit polynomial scaling in A, have dramatically increased the 
reach. c, Ab initio predictions (this work) for charge densities in 40Ca (black line) and 48Ca (red 
line) compared to experiment26 (shaded area). d, The difference between the computed charge 
densities of 40Ca and 48Ca (blue line) compared to experiment (shaded area).  

 

A. Ekström et al., PRC 91, 051301(R) (2015) G. Hagen et al., Nature Physics 12, 186 (2015)

• accurate description of 8He, 40,48Ca g.s. energies & radii, 
40,48Ca charge distributions

• predictions for electric dipole polarizability, neutron skin, 
weak form factor of 48Ca
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FIG. 6. (Color online). Graphical representation of the linear correlation matrix for NNLOsep (left) and NNLOsim (right) for
selected LECs. The separately optimized NNLOsep potential does not probe the statistical correlation between LECs entering
di↵erent optimization stages. It is striking that there are almost no correlations for the NNLOsep potential, while for the
NNLOsim-potential it is quite the opposite. Most likely, the ⇡N LECs c

1

, c
3

and c
4

, that enter the description of all data, are
responsible for this enhancement.

reproduced by NNLOsim as shown in Table VI, with
the deuteron radius being the possible exception. This
can be traced back to omitted relativistic e↵ects. For
the deuteron, �r2 has been estimated to be of the size
0.013 fm2 [90] and 0.016 fm2 [91].

We have also extracted correlations between other ob-
servables in the few-nucleon sector. As expected, for both
NNLOsep and NNLOsim there exist a significant correla-
tion between the D-state probability and the quadrupole
moment of the deuteron. More interestingly, at the
present optima the triton �-decay half-life does not cor-
relate strongly with any other bound-state observable in
Table VI. This corroborates the importance of using this
observable to constrain nuclear forces, as was done al-
ready in Ref. [76].

Total uncertainties (statistical plus estimated model
error from the �EFT truncation) are shown for scattering
observables in Fig. 9. The statistical errors are typically
very small compared to the model error for the LOsim,
NLOsim and NNLOsim potentials, Fig. 9(b,c,d,e). Clear
signatures of an order-by-order convergence are seen in
the NN scattering observables as illustrated by the np
total cross section and the di↵erential cross section that
are shown in Fig. 9(b,c). Note that ⇡N scattering is only
described with the NNLOsep and NNLOsim interactions.
The same convergence is not seen when using the sequen-
tially optimized potentials as illustrated in Fig. 9(a). In
this case, the statistical errors are of the same order of
magnitude as the model errors, and the NNLO error band

is even wider than the NLO band.

The size of the model error is determined such that
the overall scattering �2/Ndof is unity, which means that
the size of the model error depends the observables en-
tering the optimization. We can explore the stability
of this approach by re-optimizing NNLOsim with re-
spect to di↵erent truncations of the input NNscattering
data. We discriminate the NN data by adjusting Tmax

lab =
125–250 MeV. This will also gauge a di↵erent aspect
of the systematic error. Together with the original
NNLOsim potential, we now have a family of six NNLO
potentials. It turns out that our procedure for extracting
the model error is very stable. The resulting normaliza-
tion constants C

NN

for the six di↵erent potentials vary
between 1.0 mb1/2 and 1.3 mb1/2 as shown in Fig. 10(a).

To see the corresponding e↵ect on predicted observ-
ables we first consider the np total cross section at lab-
oratory scattering energy Tlab = 300 MeV. The model
errors vary between 4.8 mb and 6.1 mb, and the calcu-
lated cross sections vary between 36.5 mb and 42.7 mb,
see Fig. 10(b). The measured value is 34.563(174) mb.
We note that the size of the estimated model error is
comparable with the variation in predictions using the
six di↵erent potentials.
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Optimization of Correlated LECs

• chiral LECs in NN, 3N, πΝ sectors are correlated

• sequential vs. simultaneous optimization, NNLO, NN+3N:                                           


                                        vs. 

B. Carlsson, A. Ekström et al., arXiv:1506.02466 [nucl-th]

,(�/L) = ��+�
��� 4L= ,(�/L) = ��.��+�

�� 4L=
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The Nuclear Many-Body Problem

Ex
pe

rim
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t Theory

High Performance

Computing
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Theory Ingredients

Experiment

High Performance


Computing

• Interactions (& Operators) from Chiral EFT

• symmetries of low-energy QCD 

• power counting

• Similarity Renormalization Group

• systematically dial resolution scales 
(cutoffs) of theory

• trade-off: enhanced convergence & 
accuracy of many-body methods vs. 
omitted induced 4N, …, AN  forces

• Ab Initio Many-Body Method

• systematically improvable towards exact 
solution 
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Uncertainty Quantification

Experiment

High Performance


Computing

• Interactions (& Operators) from Chiral EFT 

• symmetries of low-energy QCD 

• power counting


• Similarity Renormalization Group 

• systematically dial resolution scales 
(cutoffs) of theory


• trade-off: enhanced convergence & 
accuracy of many-body methods vs. 
omitted induced 4N, …, AN  forces


• Ab Initio Many-Body Method 

• systematically improvable towards exact 
solution 
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SRG in Two-Body Space
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chiral NN

Entem & Machleidt, N3LO
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deuteron wave function
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λ =  1.8 fm-1

lowering resolution scale λ
⇔ decoupling of low and high 

momenta elimination of 

short-range

correlations



• SRG is a unitary transformation in A-body space

• up to A-body interactions are induced during the flow:

• state-of-the-art: evolve in three-body space, truncate 
induced four- and higher many-body forces                      
(Jurgenson, Furnstahl, Navratil, PRL 103, 082501; Hebeler, PRC 85, 021002; 
Wendt, PRC 87, 061001 )

• λ-dependence of eigenvalues is a diagnostic for size of 
omitted induced interactions
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Induced Interactions
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Normal Ordering

• second quantization:

• particle- and hole density matrices:

• define normal-ordered operators recursively:

• algebra is simplified significantly because

• Wick’s theorem gives simplified expansions (fewer terms!) 
for products of normal-ordered operators
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Normal-Ordered Hamiltonian

Normal-Ordered Hamiltonian
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E0  =              +                   +                         

two-body formalism with 

in-medium contributions from 


three-body interactions
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In-Medium SRG Flow: Diagrams
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In-Medium SRG Flow: Diagrams

& many

more...

non-
perturbative 
resummation
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Choice of Generator

• Wegner:

• White: (J. Chem. Phys. 117, 7472)

                           : approx. 1p1h, 2p2h excitation energies

• “imaginary time”: (Morris, Bogner)

• off-diagonal matrix elements are suppressed like            
(Wegner),        (White), and             (imaginary time)

• g.s. energies (           ) differ by  
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Brillouin Generator

• consider unitary variations of the energy functional

• define generator as the residual of the irreducible Brillouin 
condition (= gradient of E)

• fixed point (           ) is reached when IBC is satisfied, energy 
stationary (cf. ACSE approach in Quantum Chemistry)

• Brillouin generator depends linearly on                    , higher 
irreducible density matrices are not required
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Brillouin Generator

➡ energy & norm of Brillouin generator decay monotonically          

➡Projected HFB: 3B density matrix is (quasi-)diagonal (O(N3) 
storage), can be fully included in generator and energy flow
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Particle-Number Projected HFB 

• HFB ground state is a superposition of states with different 
particle number:

• calculate irreducible densities (project only once), e.g.,

• work in natural orbitals (= HFB canonical basis):

• in NO basis,                require only N2/2, N3/4 storage
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