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Uncertainty quantification in 
ab initio nuclear theory

INTRODUCTION



▸ Start from nucleonic degrees of freedom and construct an 
effective inter-nucleon force. 

▸ This force will have to be constrained by data. 

▸ Solve the few- or many-nucleon problem and compute 
observables. 

Ab initio nuclear physics - Nucleonic degrees of freedom

AIM: Connection with underlying theory

REALISTIC INTERACTIONS: NN scattering data reproduced

AB INITIO METHODS: NCSM, CC, IM-SRG, …

EACH STEP INTRODUCES UNCERTAINTIES

𝜎data

𝜎model

𝜎num+method



Overview of our research efforts

1.      Diversify and extend 
the statistical analysis and 
perform a sensitivity analysis 
of input data. 

2. Continue efforts 
towards higher orders 
of the chiral expansion, 
and possibly revisit the 
power counting.

3. Explore alternative 
strategies of informing the 
model about low-energy 
many-body observables. 

We aim to develop the technology and ability to:



Ab initio methods
THE NUCLEAR FEW- AND MANY-BODY PROBLEMS



Ab initio capabilities (a selection)

Several Many-Body Solvers: 
GFMC, NCSM, Coupled Cluster, Many-Body Perturbation 
Theory, Hyperspherical harmonics, NCSM-RGM, Gamow 
Shell Model, Continuum Shell-Model, Self-Consistent 
Green’s Functions, Faddeev,Bogoliubov CC, Gorkov SCGF, 
Monte Carlo Shell-Model, …

0 1 2 3 4 5 6 7 8

r (fm)

0.00

0.02

0.04

0.06

0.08

0.10
ρ
ch

 (
fm
−
3
)

−ρW

40Ca (7h.)
48Ca (7h.)

∆Ca (7h.)

(xpt.

0 1 2 3 4 5 6 7

r (fm)

−0.01

0.00

0.01

0.02

r1
∆
ρ
ch

 (
fm
−
1
)

LATTICE EFT 
HOYLE STATE 
ALPHA SCATTERING

CONSISTENT MANY-BODY METHODS

ENERGY SPECTRA

ARTICLES
PUBLISHED ONLINE: 2 NOVEMBER 2015 | DOI: 10.1038/NPHYS3529

Neutron and weak-charge distributions of the
48Ca nucleus
G. Hagen1,2*, A. Ekström1,2, C. Forssén1,2,3, G. R. Jansen1,2, W. Nazarewicz1,4,5, T. Papenbrock1,2,
K. A. Wendt1,2, S. Bacca6,7, N. Barnea8, B. Carlsson3, C. Drischler9,10, K. Hebeler9,10,
M. Hjorth-Jensen4,11, M. Miorelli6,12, G. Orlandini13,14, A. Schwenk9,10 and J. Simonis9,10

What is the size of the atomic nucleus? This deceivably simple question is di�cult to answer. Although the electric charge
distributions in atomic nuclei were measured accurately already half a century ago, our knowledge of the distribution of
neutrons is still deficient. In addition to constraining the size of atomic nuclei, the neutron distribution also impacts the
number of nuclei that can exist and the size of neutron stars. We present an ab initio calculation of the neutron distribution
of the neutron-rich nucleus 48Ca. We show that the neutron skin (di�erence between the radii of the neutron and proton
distributions) is significantly smaller than previously thought. We also make predictions for the electric dipole polarizability
and the weak form factor; both quantities that are at present targeted by precision measurements. Based on ab initio results
for 48Ca, we provide a constraint on the size of a neutron star.

A tomic nuclei are made of two types of fermions—namely,
protons and neutrons. Owing to their electric charge, the
distribution of protons in a nucleus can be accurately

measured and is well known for many atomic nuclei1. In contrast,
neutron densities are poorly known. An accurate knowledge of
neutron distributions in atomic nuclei is crucial for understanding
neutron-rich systems ranging from short-lived isotopes at the
femtometre scale to macroscopically large objects such as neutron
stars. The distribution of neutrons in nuclei determines the limits
of the nuclear landscape2, gives rise to exotic structures and
novel phenomena in rare isotopes3–5, and impacts basic properties
of neutron stars6–8. Because of its fundamental importance,
experimental e�orts worldwide have embarked on an ambitious
programme of measurements of neutron distributions in nuclei
using di�erent probes, including hadronic scattering9, pion
photoproduction10, and parity-violating electron scattering11.
As neutrons have no electric charge, elastic electron scattering
primarily probes the proton distribution, whereas parity-violating
electron scattering can occur only via the weak interaction and is
sensitive to the distribution of weak charge. As the weak charge of
the neutron, Qn

W ⇡�0.99, is much larger than that of the proton,
Qp

W ⇡ 0.07, a measurement of the parity-violating asymmetry Apv
(ref. 12) o�ers an opportunity to probe the neutron distribution.

Regardless of the probe used, direct measurements of neutron
distributions in nuclei are extremely di�cult. For this reason,
experiments have also focused on other observables related to
neutron distributions, such as the electric dipole polarizability ↵D.
Recently, ↵D was accurately determined in 208Pb (ref. 13), 120Sn
(ref. 14) and 68Ni (ref. 15), while an experimental extraction of ↵D

for 48Ca by the Darmstadt–Osaka collaboration is ongoing. For this
medium-mass nucleus, the calcium radius experiment (CREX) at
Je�erson Lab16,17 also aims at a measurement of the radius of the
weak-charge distribution. The nucleus 48Ca is of particular interest
because it is neutron rich, has doubly magic structure, and can now
be reached by nuclear ab initiomethods.

So far, much of the theoretical understanding of proton and
neutron distributions in atomic nuclei came from nuclear density
functional theory (DFT; ref. 18). This method employs energy
density functionals that are primarily constrained by global nuclear
properties such as binding energies and radii, and it provides us
with a coarse-grained description of nuclei across the nuclear chart.
Calculations within nuclear DFT generally describe charge radii,
and suggest that ↵D is strongly correlated with the neutron skin19–21,
thereby relating this quantity to the neutron radius. To be able to
tackle a medium-mass nucleus such as 48Ca with both ab initio
and DFT methods provides an exciting opportunity to bridge both
approaches. In the process, surprises are expected. For instance, as
discussed in this work, ab initio calculations show that the neutron
skin of 48Ca is significantly smaller than estimated by nuclear DFT
models. This result not only gives us an important insight into the
nuclear size, but also provides an opportunity to inform global DFT
models by more refined ab initio theories.

In recent years, ab initio computations of atomic nuclei have
advanced tremendously. This progress is due to an improved
understanding of the strong interaction that binds protons
and neutrons into finite nuclei, significant methodological and
algorithmic advances, and ever-increasing computer performance.
In this work, we use nuclear forces derived from chiral e�ective field

1Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA. 2Department of Physics and Astronomy, University of Tennessee,
Knoxville, Tennessee 37996, USA. 3Department of Fundamental Physics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden. 4Department
of Physics and Astronomy and NSCL/FRIB, Michigan State University, East Lansing, Michigan 48824, USA. 5Faculty of Physics, University of Warsaw,
Pasteura 5, 02-093 Warsaw, Poland. 6TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada. 7Department of Physics and
Astronomy, University of Manitoba, Winnipeg, Manitoba R3T 2N2, Canada. 8Racah Institute of Physics, Hebrew University, 91904 Jerusalem, Israel.
9Institut für Kernphysik, Technische Universität Darmstadt, 64289 Darmstadt, Germany. 10ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für
Schwerionenforschung GmbH, 64291 Darmstadt, Germany. 11Department of Physics, University of Oslo, N-0316 Oslo, Norway. 12Department of Physics
and Astronomy, University of British Columbia, Vancouver, British Columbia V6T 1Z4, Canada. 13Dipartimento di Fisica, Università degli Studi di Trento,
I-38123 Trento, Italy. 14Istituto Nazionale di Fisica Nucleare, TIFPA, I-38123 Trento, Italy. *e-mail: hageng@ornl.gov

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 1

RADIUS OF 48CA



Few-body calculations

3He (NN+NNN) 4He (NN+NNN)
𝚫E ≃ 1 keV

𝚫E ⪝ 10 keV

𝚫r ⪝ 0.01 fm 𝚫r ⪝ 0.01 fm

~ 10 sec. ~ 45 sec.

NCSM (rel. coord.)



Ab initio (from few to many) with 𝛘(p)EFT 
and error analysis

THEORETICAL UNCERTAINTY QUANTIFICATION

Based on: B.D. Carlsson, A. Ekström, C. Forssén et al, Phys. Rev. X 6 (2016) 011019



• Systematic low-energy 
expansion: (q/Λχ)𝜈 

• Connects several sectors: 
𝜋N, NN, NNN, jN 

• Short-range physics included 
as contact interactions. 

• LECs need to be fitted to 
data.

Chiral nuclear interactions

Chiral EFT 

• E. Epelbaum, H. Hammer, U. Meissner 
Rev. Mod. Phys.  81 (2009) 1773 

• R. Machleidt, D. Entem, Phys. Rep. 503 
(2011) 1

Chiral EFT
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Optimization strategy
Low-energy constants (LECs) enter through contact interactions 
and need to be fitted to experimental data. 

1. πN LECs determined first from Pion-Nucleon scattering phase shifts or 
from NN phase shifts in peripheral waves 

2. (NN-only) objective function based on Nijmegen phase shift analysis 

• Chi-by-eye optimization 

• N3LO needed for high-accuracy fit up to Tlab=290 MeV 

3. NNN LECs determined at the end given the NN part. Usually at NNLO. 
First results at N3LO are coming.
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Standard approach:



Optimization strategy
Low-energy constants (LECs) enter through contact interactions 
and need to be fitted to experimental data. 
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Optimization technology significantly improved:
‣ Our first approach: Derivative-free optimization using POUNDerS*   

‣ More efficient minimization algorithms (Levenberg-Marquardt, 
Newton), and statistical error analysis require derivatives 

‣ Numerical derivation using finite differences is plagued by low 
numerical precision and is computationally costly. 

‣ Instead, we use Algorithmic Differentiation (AD).

@ri
@pj

and
@2ri

@pj@pk



Sequential optimization

�2 (~p) ⌘
X

i

r2i (~p) =
X

j2NN

r2j (~p) +
X

k2⇡N

r2k (~p) +
X

l23N

r2l (~p)

Sequential fit 

By construction no 
correlations between 
NN, 𝛑N, NNN groups 
of parameters. 

This will imply huge 
statistical errors.

1 2 3



Simultaneous optimization

BUT, the same LECs 
appear in the 
expressions for 
various low-energy 
processes 

e.g. the ci (green 
dot)   
and cD (blue 
square)

two-nucleon
interaction

pion-nucleon
scattering

three-nucleon
interaction

external probe
current

three-nucleon
interaction
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Simultaneous



Input and technology
𝝅N scattering 
• WI08 database 
• Tlab between 10-70 MeV 
• Ndata = 1347 
• 𝜒EFT(Q4) to avoid underfitting

NN scattering 
• SM99 database 
• Tlab between 0-290 MeV 
• Ndata = 2400(np) + 2045(pp) 
• 𝜒EFT(Q0,Q2,Q3)

All 6000 residuals computed on 1 node in ~90 sec.
A=3 bound states 
• 3H,3He (binding energy, 

radius, 3H half life)

On 1 node in ~10 sec

+ derivatives! (×2-20 cost)

A=4 bound state 
• 4He (binding energy, radius) 
• NCSMrel, Nmax=20,ħΩ=36 MeV

A=16 bound state 
• 16O (binding energy, radius) 
• Λ-CCSD(T), Nmax=15,ħΩ=20 MeV

Many-body predictions



▸ The total error budget is 

▸ At a given chiral order ν, the omitted diagrams should be of 
order 

▸ Still needs to be converted to actual numbers 𝜎model 

▸ We translate this EFT knowledge into an error in the 
scattering amplitudes 
 

▸ which is then propagated to an error in the observable.

Total error budget
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Total np cross section



Statistical error analysisStatistical errors

I In a minimum there will be an uncertainty in the optimal
parameter values p

0

given by the �2 surface.1

I From the hessian at p
0

we can calculate a covariance matrix
and from that a correlation matrix.

1

J Dobaczewski et al 2014 J. Phys. G: Nucl. Part. Phys. 41 074001

Boris D. Carlsson �EFT optimization

HESSIAN
COVARIANCE

MATRIX
CORRELATION

MATRIX



Quadratic error propagation vs Brute force sampling

Simultaneous

O(p) ⇡ O(p0) + JO�p+
1

2
�pTHO�p

Linear 
error prop.

Quadratic 
error prop.

Monte Carlo  
prob. dens.

E(4He) = -28.24    (MeV)+9 
 -11



Quadratic error propagation vs Brute force sampling

Simultaneous

O(p) ⇡ O(p0) + JO�p+
1

2
�pTHO�p

E(4He) = -28.24    (MeV)+9 
 -11 E(4He) = -28    (MeV)+8 

 -18

Sequential



Systematic uncertainties: input data, regulator cutoff

~2 MeV

‣ 7 different regulator cutoffs:  
Λ=450, 475, …, 575, 600 MeV 

‣ 6 different NN-scattering datasets 
Tlab ∈ [0, Tlab,max], with 
Tlab,max=125, …, 290 MeV



Systematic uncertainties: input data, regulator cutoff

~2 MeV

~35 MeV



Do-it-yourself

compute the derivatives of 
your own observables wrt 
LECs, then explore: 

‣ cutoff variations 

‣ order-by-order 
evolution 

‣ LEC UQ/correlations

All 42 different sim/sep 
potentials, as well as the 
respective covariance 
matrices are available as 
supplemental material. 

‣ LO-NLO-NNLO 

‣ with 7 different cutoffs: 
450,475,..,600 MeV 

‣ from 6 different NN-
scattering datasets



Uncertainty Quantification for pp 
fusion in 𝛘EFT

Based on: B. Acharya, B. D. Carlsson, A. Ekström, C. Forssén, and L. Platter, arXiv: 1603.01593



Uncertainty quantification applied to pp fusion
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Uncertainty quantification applied to pp fusion

systematic uncertainty (cutoff variation)

statistical  (fit of LECs) 
+ 

systematic (Tlab) 
uncertainties

S(0) = (4.081+0.024
�0.032)⇥ 10�23 MeV fm2

adding higher-order EM correction from previous work:

S
cor

(0) = (4.047+0.024
�0.032)⇥ 10�23 MeV fm2

B. Acharya et al, arXiv: 1603.01593
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Uncertainty quantification applied to pp fusion
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Correlation analysis: 

S(0) - E(2H): phase space 
L2-r(2H): radial overlap 

L2-rQ(2H): radial overlap 

d2B-E1A: 2B-current operator

‣ Insofar most consistent 𝛘EFT-study of this reaction 

‣ Correlation study indicates sound statistical analysis 

‣ Cutoff variation not large source of error 

‣ Statistical error in S(0) is 3 times larger than what 
was previously thought 

‣ Central value is most likely also larger due to 
previously neglected systematic uncertainties.

B. Acharya et al, arXiv: 1603.01593



Conclusion



Summary

‣ Uncertainty quantification is a unique opportunity 
when employing systematic approaches (EFT + ab 
initio).

‣ First results for correlations, parameter uncertainties and 
error propagation in the few and many-body 
sectors.

‣ Simultaneous optimization of all LECs at LO, NLO, 
NNLO using NN, NNN and piN data is critical in order 
to:
‣ capture all correlations between the parameters, and 
‣ reduce the statistical errors.

‣ Covariance matrices for optimized LO-NLO-NNLO 
potentials available for download

‣ Small variations in the nuclear interaction renders large 
fluctuations in predictions for heavier nuclei
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