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Context: the hunt for gravitational waves

• We discuss a number of mechanisms for GW emission by isolated neutron 
stars.

✓ Neutron stars with “build in” non-axisymmetry (“mountains”)

✓Unstable oscillations modes (r-mode and f-mode GW-driven instabilities)

✓Magnetar flares: GW emission by excited modes



Neutron stars as cosmic laboratories

✓Supranuclear equation of state

✓Exotica (quarks, hyperons) 

✓Temperature profiles (exotic cooling 
mechanisms)

✓Elastic crust (breaking strain, shear modulus)

✓Superfluids/superconductors (vortices, 
fluxtubes)

✓Magnetic fields (configuration, stability)

✓Rotation (various instabilities)

✓ Relativistic gravity



                      
   Neutron star “mountains”



GWs from non-axisymmetric rotating NS 

• A well known result: a  rotating body with non-zero 
ellipticity is a source of gravitational waves. 

• GW frequency: f, 2f (dominant)

• GW amplitude (for a source at distance D, and spin 
frequency f ):
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Building “mountains” in neutron stars

• The shape of neutron stars can depart from sphericity due to a number of reasons. 
Rotation is the most obvious one but this does not lead to GW emission.

• The magnetic stresses can also deform the star (as originally proposed by 
Chandrasekhar & Fermi in 1953). For a generic configuration the system emits 
GWs.

• The deformation (ellipticity) is well approximated by the ratio of the volume-
averaged magnetic energy to gravitational binding energy:

• Unfortunately, this is too small to be detectable ...
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Superconducting magnetic mountains

• Superconductivity amplifies the magnetic force by a factor ~                
where the superconductivity critical field is given by:               

• The resulting ellipticity is now much higher:

• Is this detectable?
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Detectability of magnetically-deformed NS

Despite the enhancing effect of  superconductivity, the magnetically deformed 
neutron stars are still not detectable, unless we invoke “abnormally” high interior 
B-fields.



“Improving” the detectability

• The previous results suggest that the known neutron star systems with standard 
physics are not promising sources of GWs (with respect to their intrinsic 
quadrupolar deformation).  But one should not lose all hope because there are 
other alternatives:

✓ Fast-spinning systems with strong B-field (e.g. newborn magnetars with spin  
period ~ 1 ms). 

The GW signal could last for several days (i.e. the timescale for dipole spindown)    
but a dominant toroidal field is required.    

✓Systems with exotic matter (quarks) in the core. 

✓“Mountains” in the crust, sustained by elastic stresses. 

We focus on the last two scenarios. 



The quest for quark matter

• Are deconfined quarks the ground state of matter?                                                                  
This is a fundamental question that neutron star                                                     
astrophysics may provide an answer for.

• In its stablest form, quark matter is a color                                                                  
superconductor, as a result of quark color/flavor                                                                                                                
pairing.

✓2SC phase: up and down quark pair.

✓Color-flavor-locking (CFL) phase:                                                                                                                         
all quarks pair. This is the most                                                                                            
“popular” state in the literature.

Alford et al. 2008 



Magnetic fields in quark matter  

• What happens to a magnetic field penetrating a quark color superconductor? 

• Magnetic and gluonic degrees of freedom get mixed up. Only one of the 
produced superpositions actually “feels” the ambient superconductivity:

• Mixing angle: 

~BX = sin� ~B + cos� ~B8
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Color-magnetic mountains

• The X-field penetrates a 2SC/CFL superconductor  by forming color-magnetic 
vortices (Iida & Baym 2002, Iida 2005, Alford & Sedrakian 2010). 

• Each vortex carries ~ 1000 more energy than a proton vortex in “normal” 
superconductivity, while their numbers are comparable. The resulting 
deformation in the inner core is:

• Our “canonical” stellar model is a n=1 polytrope,

• Quark core volume:                              ,  interior magnetic field:                  
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Color-magnetic mountains: detectability

KG, Jones & Samuelsson 2012 



“Buried” magnetic fields

• The mountain size scales with the (volume-averaged) internal magnetic 
field B. Could this be much bigger than the surface dipole field (which is 
inferred from spindown)?

• This could naturally happen in recycled millisecond pulsars: these systems 
have passed a prolonged phase of accretion which spun them up. The 
accreted material may have also buried the surface field.

• Something similar may have taken place in young pulsars (like the Crab): 
this idea is invoked to explain the “anomalous” spin evolution (breaking 
index) in several of these systems.  

• We repeat the previous calculation, using the parameter: ↵ =
B̄

Bsurf



Color-magnetic mountains: buried fields



Crust “mountains” (I)

• The elastic stresses in the solid crust can also lead to non-axisymmetric 
deformations. The maximum ellipticity can be estimated as:

• A mountain of this size in young pulsars or accreting systems would be 
detectable by next generation instruments (assuming a ~1 yr observation).

• However, it is not clear whether there is a mechanism for straining the 
crust in the first place ...
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Exotic solid cores

• The quark color superconductor could 
exist in a solid state (Mannarelli et al. 
2007)

• The resulting maximum ellipticity from 
the elastic stresses is much higher than 
the one in a conventional crust and is 
already constrained by LIGO 
observations.

• Lack of detection does not rule                                                                                              
out such exotic states of matter.

• Figure: solid core ellipticity as function  
of the core transition density. Horizontal 
line: LIGO limit for PSR J2124-3358.

ε

Haskell et al. 2007 



Mountains: some theory assignments

• Exotic cores: 

✓Need for realistic models of MHD equilibrium in neutron stars with 
exotic matter in the core. 

✓Vortex properties in exotic matter. 

✓Interface between hadronic and quark matter likely to play a key role. 

• Mechanisms for producing non-axisymmetric deformations  in the crust 
(or in a solid core). 



Neutron star oscillations
  

The r-mode and f -mode instabilities                                                   



The r-mode instability
• The r-modes is a special class of inertial modes which 

may be driven unstable by the emission of GWs (via the 
CFS mechanism). 

• The r-mode GW radiation is unique in the sense that it is 
dominated by the current multipoles. 

• The                        r-mode is the most unstable one, with a 
growth timescale of ~ 1 min.                                                   

• The instability window is large and depends on uncertain 
core-physics and the details of the core-crust interface.

• The simplest model accounts for damping due to shear 
and bulk viscosity but other mechanism may come into 
play (e.g Ekman layer) and take over. 

` = m = 2
corotating frame

inertial frame

Figure credit: Hanna & Owen



Context: accreting systems in LMXBs

• Observations suggest a rotational frequency cut off at ~ 700 Hz. This is 
much lower than the mass shedding spin limit. Something prevents these 
systems from spinning up.

• Two main scenarios:

✓Magnetic coupling with the accretion disc          

✓GW torque by unstable r-modes.



 r-mode paradox?

• Accreting neutron stars in LMXBs clearly 
reside well inside the “basic” instability 
window. 

• These systems should experience fast r-mode 
spin-down! But this is not what is happening!

• Possible resolutions of the “paradox”:

✓Additional damping (e.g. Ekman viscous 
boundary layer).

✓maximum r-mode amplitude much lower 
than current theoretical predictions. 

✓Exotica in the inner core. 
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The role of the crust

• The r-mode damping could be easily dominated by the viscous “rubbing” at the 
base of the crust (Ekman layer). This mechanism assumes a sharp crust-core 
transition. 

• The Ekman damping is thought to be weakened by the crust elasticity and the 
resulting crust-core “slippage” (Levin & Ushomirsky 2001). Resonances (avoided 
crossings) with torsional crust modes play a key role.                                                                                                                                                                                            
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KG & Andersson 2006 



r-mode: “theory vs observations”

• Revised superfluid core temperatures 
using theoretical input from the 
Cassiopeia A cooling models. 

• Some systems may reside in the 
instability portion of the parameter 
space.                                                                    

Ho, Andersson & Haskell 2011 

solid crust

no crust

elastic crust



r-mode: “theory vs observations”

• Ekman damping with a  resonance 
between the r-mode and the crust 
torsional modes. 

• Some systems may reside in the 
instability portion of the 
parameter space. 

Ho, Andersson & Haskell 2011 



The role of the magnetic field (I)

• A generic magnetic field will in general eliminate 
any slippage between the core and the crust.

• The Ekman layer is significantly modified by the 
B-field provided:

• An r-mode launches short-wavelength Alfvén 
waves at the crust-core boundary that dissipate 
energy much faster than the usual Ekman layer 
(Mendell 2001).

with B-field

without B-field

crust

core

v2A � ⌦⌫
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The role of the magnetic field (II)

• An r-mode launches short-wavelength Alfvén waves at the crust-core boundary 
that dissipate energy much faster than the usual Ekman layer (Mendell 2001).

• In LMXB systems (B ~ 108 G) the magnetic field can modify the Ekman layer 
provided the outer core is superconducting (resulting in a much higher      ).   

• The amplification in the damping rate is given by:

• The revised damping rate would render these systems r-mode stable.

• However: (i) the above formula is not the result of a proper superconducting 
MHD calculation (ii) the crust-core interface has a finite thickness.  
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Another scenario: r-mode resonance (I)

• The r-mode instability window in a superfluid neutron star could be 
modified as a result of resonance between the “normal” r-mode ans its 
“superfluid” counterpart (Gusakov et al. 2014).

• In the vicinity of the resonance the r-mode is damped very efficiently by 
superfluid vortex mutual friction.                                                                                           

Gusakov et al. 2014



r-mode resonance (II)

• A mode resonance would  
introduce “spikes” in the 
previous instability window.

• r-mode unstable systems could 
be slowly “climbing” the spikes 
on the accretion timescale.                                                                                      

Gusakov et al. 2014



The f-mode instability

• This instability sets in at very high 
rotation ( > 0.9 Kepler limit).                                                                                                                                                 

• Recent GR calculations: the growth                                                                               
timescale is ~ 104 - 106 sec (this 
about a factor ~ 10 shorter than the 
previous Newtonian result).                                                                                                   

• The instability is active in the high-
temperature regime, appropriate for 
newborn stars. At lower temperatures, 
it is likely suppressed by superfluid 
vortex mutual friction.      

• The                       mode is typically the 
most unstable one.                                                                                                                                                                                                                                

superfluid core

normal core

Gaertig et al. 2011

` = m = 4



f-mode instability: evolutions

• Coupled spin-temperature 
evolution, under the action of          
an unstable f-mode.

• This calculation makes use of              
relativistic eigenfunctions &             
frequencies.  

• The figures display the                       
spin-temperature & mode  
amplitude time evolution. 

• The magnetic spindown          
dominates for a polar field                  .

Passamonti, Gaertig & Kokkotas 2012
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f-mode detectability

Passamonti, Gaertig & Kokkotas 2012
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The key unknown is the mode’s 
non-linear saturation amplitude.

Here a fiducial value                       
was assumed but a detailed 
calculation is still missing.   

↵sat = 10�4



r/f-modes: some theory assignments

• Crust-core boundary may be key for r-mode damping.

✓ Need improved modeling including superfluidity/superconductivity. 

✓How “thick” is the boundary? 

• Resonances between the r-mode and other modes. 

• Saturation amplitude for unstable f-modes.

• Relativistic  f-mode calculation without the Cowling approximation.



              
                                Magnetars

      GWs from hydromagnetic instabilities



Astrophysics of magnetars 

•  Magnetars are neutron stars with ultra-strong magnetic fields: 

• Identified with Soft-Gamma-Repeaters (SGRs) and Anomalous X-ray Pulsars 
(AXPs).    

• Their emission is regularly punctuated                                                                              
by bursts. 

• On rare occasions SGRs emit giant flares.                                                                 

B ⇠ 1015 G, P = 1� 10 s Emag � Ekin



Magnetar flares

• Envisaged as a global magnetic field instability, likely involving fracturing of the 
crust. The details of the trigger mechanism are still not known. 

• Oscillations clearly seen in the light curve of these events.

Strohmayer & Watts 2006



A “toy” model for magnetar flares

• Nonlinear GR-MHD code. 

• Polytropic EoS, Cowling approximation.

• Initial system: unstable poloidal  field. 

• The ensuing magnetic instability (“kink” mode)    
can be considered as an approximation to magnetar 
flare (more realistically, it should be viewed as an 
“upper limit”).

• Exterior: low-density atmosphere, same evolution   
as in the interior.                                                           

Lasky et al. 2011



Relativistic magnetised neutron stars
Gravitational waves

 from magnetar flares

Impose initially unstable B-field    
(i.e. purely poloidal) Extract GWs using the 

quadrupole formula

Watch field go 
unstable

Allow instability to saturate. System 
(hopefully) reaches new equilibrium

Understand possible 
magnetic equilibria

Evolve

Keep evolving



Magnetic field evolution
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Gravitational wave signal

0 50 100 150 200 250

-1.0

-0.5

0

0.5

1.0

Time [ms]

S
tr

ai
n

10–13

10–11

10–9

10–7

10–5

C
m

(B
φ
)

[x
 1

0
-2

3
]

Zink, Lasky & Kokkotas 2012

Instability



GW strain
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Mode detectability

f-modes

Alfvén-modes



Mode excitation

• f-modes:

✓ Detection is unlikely (in agreement with analytic work, Levin & van Hoven 2011)

✓Need super-strong internal B-field

• Alfvén modes:

✓Simulation “noisier” at low frequencies, but modes can be extracted. 

✓Better candidates for detection than f-modes.

• “Final” magnetic quasi-equilibrium:

✓Strongly non-axisymmetric, poloidal field energy > toroidal field energy.



Magnetar flares: theory assignments

• Need more realistic models for matter:

✓Non-barotropic (account for composition stratification). 

✓Superfluidity superconductivity incorporated in the dynamics.

• Flare mechanism. 



Executive Summary

• Neutron star mountains:

✓Superconducting quark matter in neutron star cores could produce a 
substantial magnetic deformation. Systems like young radio pulsars  
(Crab, Vela) could be ideal targets for probing exotic matter with next 
generation GW detectors.

• Magnetar flares:

✓ May be accompanied by a GW signal, emitted by excited low-frequency 
Alfvén modes. It is harder to excite f-modes. Flares might be observed as 
GW sources by next generation detectors (ET). 

• Unstable modes:

✓Detection of f-modes require almost-Kepler limit rotations. Still unclear 
whether unstable r-modes are operative in known LMXB systems. Crust-
core boundary physics is a key issue. 


