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Fig: Bertsch,Dean,Nazarewicz, SciDAC review 2007 

Dimension of the problem increases 





 
 

We want to understand and describe these nuclei! 







Closed Quantum System Open quantum system 

scattering continuum 

resonance 

bound states 

discrete states only 

(low lying states near the valley 
                 of stability) 

infinite well 

(weakly bound nuclei far away 
             from stability) 

(HO) basis 
 
nice mathematical properties: 
 
Exact treatment of the c.m, 
analytical solution… 

 



Real Energy Continuum Shell Model   
•  U.Fano, Phys.Rev.124, 1866 (1961) 
 
Shell Model Embedded in Continuum (SMEC) 
•  J. Okolowicz.,et al,  PR 374, 271 (2003)  
•  J. Rotureau et al,   PRL 95 042503 (2005) 
 
 
Complex Energy Gamow Shell Model  
•  N. Michel et al., Phys. Rev. C67, 054311 (2003) 
•  G. Hagen et al, Phys. Rev. C71, 044314 (2005) 
•  J.Rotureau et al  PRL 97 110603 (2006)  
•  N. Michel et al,  J.Phys. G: Nucl.Part.Phys 36, 013101 (2009) 
•  G.P et al PRC(R) 84, 051304 (2011)  

 

 
 
 

        Theories that incorporate the continuum, selected references 

NCSM + Resonating Group Method 
•  S.Quaglioni and P.Navratil, PRL 101, 092501 (2008)  

 
 

Other approaches… (See Lazauskas talk on CS) 
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Resonant and non-resonant states (how do they appear?) 
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Solution of 
the one-body Schrödinger 
equation with outgoing 
boundary conditions and 
a finite depth potential 

Poles of the 
  S-matrix 



Berggren’s Completeness relation and Gamow Shell Model 
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T.Berggren (1968) 
   NP A109, 265 

    resonant states 
(bound, resonances…) 

Non-resonant 
Continuum 
along the contour 

Many-body          basis  

 Complex-Symmetric Hamiltonian matrix 

 Matrix elements calculated via complex scaling 

Hermitian Hamiltonian  

The GSM in 5 steps 

iSD

iAii uuSD ………1=

N.Michel et.al 2002 
PRL 89 042502 

 Hamiltonian Lanczos diagonalized  





GSM HAMILTONIAN 

“recoil” term coming from the 
 expression of H in the COSM 
coordinates. No spurious states 

Y.Suzuki and K.Ikeda 
   PRC 38,1 (1988) 

ü   Hamiltonian free from spurious CM motion 
ü  Appropriate treatment for proper description of the recoil of the core 
    and the removal of the spurious CoM motion.  

à We assume an alpha core in our calculations.. 



Model Space-Force 
Model space 

•  p-sd waves 
 
•  0p3/2  (WS potential for the 4He-n system, fitted to 
  3/2- s.p state of 5He) 
 
•  Continuum discretized with Gauss-Legendre mesh. 

•  Total of 111 s.p states (shells) 
 
à For 8He the basis is given by a spherical GHF from  
    H = WS + MN. 
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Modified Minnesota Interaction (MN) (NPA 286, 53) 
 

Parameterizations 

1-b basis 

V0R  and V0s fitted on g.s energies of 6,8He 



4He 6He 8He 

L.B.Wang et al 

P.Mueller et al 

1.67fm 2.054(18)fm 

1.67fm 2.068(11)fm 1.929(26)fm 

     RMS charge radii 

NCSM(‘09) 

NCSM(‘09) 

 L.B.Wang et al, PRL 93, 142501 (2004) 
 P.Mueller et al, PRL 99, 252501 (2007) 
M. Brodeur et al, PRL 108, 052504 (2012) 

E. Caurier and P. Navratil, Phys. Rev. C 73, 021302(R) (‘06) 
S. C. Pieper (unpublished); arXiv:0711.1500 [nucl-th] 
P. Navratil et al., J. Phys. G 36, 083101 (2009) 

6,8He charge radii 

•  Very precise data 
•  Isotopic shifts measurements 
•  Model independent extraction of 
  charge radii. 

6He: 2ν as a strong correlated pair 
8He: 4ν are distributed more symmetrically (maybe) 
 
Other effects also… 
 
Can we calculate and quantify these correlations? 
 



Expression of charge radius in these coordinates 
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Charge Radii Operators 

Generalization to n-valence particles is straightforward 

( ) ( )
( ) ( )

( )
∑ ∑
= <

+ ⋅
−

+
+

+
+=

n

i

n

ji
ji

C
i

C

A
p

nA
p rrnn

nA
r

nA
XrXr CC

1
2

2
2

22

2
111 

ü   The ingredients of  the calculation are the OBME  and TBME  
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ü  Same formulas for heavier systems 11Li, 11Be 



Darwin-Foldy term 

22 769.0 fmRp =
22 1161.0 fmRn −=

2
2 033.0

4
3 fm
M p

=

à Usually point radii are converted to charge radii through: 

à  The spin-orbit density could have a non-negligible effect on the charge radius. 

à  Contributes on a noticeable change to the charge radius between  40Ca  and  48Ca 
(W. Bertozzi et al , PLB 41, 408 (1972))  

•  Finite size effects and relativistic D.F term are consistently considered in theoretical calculations 
•   The s.o effect is almost never considered…      (except maybe) H.Esbensen  et al PRC 76, 024302 (2007) 

A.Ong et al PRC 82, 014320 (2010) 

•  Both the D.F and spin-orbit contribution appear explicitly in the expression  
  of the single nucleon charge operator.   

Contributions to the charge radius  

Point-proton radius 

Finite size 
  effects 

(J.Friar et al Adv.Nucl.Phys. 8, 219, (1975)) 

CODATA * 

*  CODATA Task group on fundamendal 
    physics constants 
    Rev.Mod.Phys. 80,635, (2008) 



•  Is the α-particle in the “sea” of valence neutrons, still an α-particle? 

ü  “Swelling” of the core is not negligible 

  

This increase is taken into account in our calculations. 

R.B.Wiringa and S.C Pieper Annu.Rev.Nucl.Part.Sci. 51, 53 (2001)  

à It is then found by the Argonne group that the α-core radius is: 4.58% larger in 6He and 6.65% larger in 8He 

Contributions to the charge radius cont’d 



Neutron correlations in 6He ground state 

à  Probability of finding the particles at a  distance r from the core with an angle θnn 



Neutron correlations in 6He ground state (other theories) 

M.V Zhukov et al Phys. Rep 231,151 (1993)  

Similar behavior also in: 
G. Bertch, H. Esbensen Ann. Phys. (NY) 209,327 (1991) 
K.Hagino and H.Sagawa PRC, 72, 044321 (2005) 
V.I. Kukulin et al NPA, 586, 151 (1995) 

Weak dependence on NN interaction 
 
   What is the impact of the  
             continuum? 

6He 



Neutron correlations in 6He ground state 

• Two- peak structure not sensitive to details  
  of the interaction. 

•  p3/2 dominating wave. 
 
•  Continuum important for the clusterization 
   in 6He.  
 
•   Continuum affects drastically the charge radius 

•  Pauli focusing effect 

àValence neutrons exist  most of  
   the time as a correlated pair at  
   large distances (Halo) from the core 

for (a) for (d) 

G.P et al PRC(R) 84, 051304, 2011  

This correlation enhances the charge 
 distribution 



Neutron correlations in 6He 2+ excited state 

à 2+ neutrons almost uncorrelated… 

G.P et al PRC(R) 84, 051304, 2011  



Neutron correlations in 8He ground state 

Contour plots of 8He similar to 6He: Look at angular correlations… 
G.P et al to be submitted  



Angular Neutron correlations in 6,8He 

Angular densities derived from: 

à Di-neutron peak larger in 6He than in 8He 

Weights of configurations 

S=0  87% 
S=1  13% 

6He 
S=0  82% 
S=1  18% 

8He 

θnn= 68ο θnn= 78ο 

Di-neutron angle 

rcore-2n= 2.96fm 
 
 Exp (3.36fm) 

rcore-2n= 2.58fm 

•  In 8He the di-neutron is less correlated 
 and orbits with a smaller angle around the  
 core… 

T.Aumann et al PRC 59,1252 (1999) 

G.Papadimitriou et al, in preparation 

•  Maxima (minima) on the same position for 
   both 6,8He 



Role of the recoil term in the Hamiltonian 

Remove the pipj term and refit the interaction to S2n of 6He. 
What is the impact on the proton radius and the correlations? 

rrecoil
pp

= 1.85fm

rno�recoil

pp

= 1.7fm

Di-neutron weight decreased 
 
Cigar-like weight increased 

Proton radius decreased 



OUR RESULTS: 
Individual components contributions to the charge radius 

6He 

8He 



  Important  
contribution 

Summary on Radii 



ALTERNATIVE TOOL AND CALCULATION 
The Density Matrix Renormalization Group (DMRG)  

S.R White  PRL 69 (1992) 2863 
T.Papenbrock and D.Dean  J.Phys.G 31 (2005) S1377 
S.Pittel et al  PRC 73 (2006) 014301 
J.Rotureau et al  PRC 79 (2009) 014304 
J. Rotureau et al PRL 97 (2006) 110603 

ü  Truncation Method  applied to lattice models, spin chains, atomic nuclei…. 

BA
M

BA
∑

=
ΑΒΨ=Ψ

1,
•  Basic idea: where A and B are partitions of the system. 

à Approximate  Ψ in terms of m < M basis states (truncation) 

à These  m  states are eigenstates of the density matrix  ∑∑ ΨΨ=ΨΨ=
A

ABABBB
B

BAABAA '''' ρρ or 

ü  The partition of the system has to be decided by the practitioner. 

In GSM+DMRG  we  
optimize the number 
of non-resonant  states 
along the  scattering  
contours. 

that correspond to its largest eigenvalues. 

P: poles 
C: Continua 



Density Matrix Renormalization Group computation of 8He radius 

à   In the following we slightly renormalized the strengths of the MN interaction so as to reproduce 
      the g.s 0+ energy of 6,8He.   

84 s.p states 

Total dimension in GSM:  
         19,304,868 

•  DMRG converges well and keeps dimensions tractable! 

G.P et al, to be submitted 



 Ab-inito calculation of 3He, 3H and 4He in a Gamow basis 

à Interaction employed: N3LO by D.R.Entem and R. Machleidt  PRC(R) 68, 041001, 2003 
      Λ = 500 MeV, fits phase shifts up to 290 MeV 

à Vlowk technique used to further soften the interaction with a Λvlowk = 1.9 fm-1 

     (S. Bogner et al, Phys. Rep. 386, 1, 2003) 

à Intrinsic Hamiltonian was used by removing the Tcm 

The model space of Gamow states consisted of: 
•  0s1/2 bound state for protons and neutrons 
•  p3/2, p1/2 and s1/2 continua along the real axis 
•  Contours were discretized with 20 points for each p.w. 
•  Total 130 s.p. states, GSM dim: ~3.5x105 for 3He, 3H, ~ 3.4x107 for 4He 

•  Diagonalization with DMRG, ε = 10-6, dimmax ~ 1000, dimmax ~ 2800 for 4He  



Results 
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Results 



SUMMARY 

•  Charge radii reveal information for: 
•  Halo Structure 
•  Clustering of states 
 

•  2v in 6He very correlated, rc-2n large. 
•  In 8He, 2ν are less correlated, rc-2n smaller 
•  DMRG algorithm applied to new observables 
 
•  New interaction employed in the GSM 
•  4He ab-initio calculation. Results look promising. 
    Opens the window to calculate heavier weakly bound or 
    unbound systems ( (5,6)He. 

 
 

+ s.o correction 
    larger in 8He 



Ø The next step: charge radii and properties of 11Li, 11Be assuming an 4He core in 
    a GSM+DMRG framework.  
 
Ø  Move to proton rich side: 17Ne 2-proton halo. S2p ~ 0.9MeV 

•  How the 2 protons are correlated? 
      
Ø  Oxygen isotopes starting from 22O core. Is 28O bound? 
    

Future plans /outlook 

Also: 

Ø   Remove the Model from the Gamow Shell Model! 
 

•  No Core Shell Model in a Berggren Ensemble… 
•  Use large variety of realistic 2-body interactions (SRG evolved, Vlowk  
  with smooth cut-off) 
•  5He, 6He…, nuclei with A=6,7 particles. 
•  4,5,6,7H à THEORY IS NEEDED! 6H at 2.9 MeV above the 3H + 3n  
    threshold and Γ = 1.5MeV. 7H at 0.57 MeV above 3H + 4n threshold 
    with Γ = 0.09 MeV!!!  
(Caamano et al PRL 99, 062502, PRC 78, 044001) 
Experiments done in GANIL-SPIRAL facility using ISOL technique 
 

 



Back up 









Sensitivity of the 6He charge radius on the S2n 

GSM 

S.Pieper , arxiv:0711.1500v1 

GFMC is unable to give sufficiently precise S2n to get precise 
charge radius 

•  Precise knowledge of S2n à Good overall agreement with data 

•  When S2n reproduced, the  p3/2 occupation  is ~90% 



Two-body potentials 



Illustration on how the high momentum nodes are integrated out  
in the Vlowk (a) and in the SRG (b) RG methods 



The direction of all the state of the art 
techniques  is to include continuum  
degrees of freedom in their framework, 
for the realistic description of exotic nuclei 

GFMC for reactions 
     K.Nollett et al 

             NCSM/RGM 
  S.Quaglioni and P.Navratil 

      G.Hagen et al 
CC in a Gamow basis 
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Examples of the impact of the continuum on physical systems 

Halo structures 



0+ 6He g.s 

2+  6He 1st exc 

Benchmarked calculations (GSM and CS)  

Benchmark successful! 

A.Kruppa, G.Papadimitriou,W.Nazarewicz 
In preparation 

•  N: radial number 
   of Slater basis 

•  θ: complex scaling  
      parameter 

r à reiθ 

Slater basis expansion 



Radial density of valence neutrons for the 6He 

ü With an adequate number of points along the contour the fluctuations become minimal 

ü We “cut” when for a given number of discretization points the fluctuations  
   are smeared out 

cut 



GSM calculations for 6,8He nuclei 

ü  Energies and radial properties are equivalent in both representations. 
 
ü  The combination of Gamow states for low values of angular momentum 
    and HO for higher, captures all the relevant physics while keeping the 
    basis in a manageable size.   
"    Applicable only with fully finite range forces (MN)… 

Radial density of the 
6He g.s.  
red and green curves  
correspond to the 
two different basis sets. 
 



Pairing-Anti Halo effect in the GSM 

K.Bennaceur et al Phys.Lett.B496, 154 (2000) 
•  It was predicted in the Mean Field framework 

à The basic feature is that the proximity of the continuum generates an additional pairing 
       binding energy, preventing the weakly bound system from developing an infinite radius. 

Neutron radius in 6He Interaction energy in 6He 

à  When the WS potential becomes shallow, the very broad 0p3/2 resonance has an impact on 
       i) The neutron radius (decreased) 
       ii) Interaction energy (increased) 
     

PAH effect in GSM 



Results on charge radii of 6,8He with MMN interaction 
           (configuration mixing and correlation angle (for 6He) ) 

8He 

201083 +−= onnθ 131878 +−= onnθ

              C.Bertulani PRC 76, 051602  

20
1083 +
−= o

nnθ

13
1878 +
−= o

nnθ

Angles estimated 
from the available 
B(E1) data and the  
average distances between 
neutrons.  (6He data) 

We calculated also the correlation angle for 6,8He 

o
nn 68=θ To be compared with  

o
nn 78=θ for  8He  (no data for comparison) 



               Summary 

 

Ø   Precise measurements of 6,8He halos charge radii provide a test for the theory 
 
Ø  GSM appropriate theory for modeling weakly bound nuclei  
     
 
Ø  Charge radii are primarily on 2n-separation energy. 
 
 
Ø  Charge radii à Geometrical phenomenon mainly  

•  S.O contribution and core-polarization important.  
 
Ø  Particle correlations in 6,8He ground and excited states were assessed.  
    
 
     
 
 
 
 



Complex Scaling 



• Diagonalization of Hamiltonian matrix 
 
• Large Complex Symmetric Matrix 

• Two step procedure 

“pole approximation” 

• Identification of  physical state by maximization of  ΨΨ0

resonance 

bound state 

resonance 

bound state 

  Full 
space 

non-resonant 
continua 
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Integral regularization problem between scattering states 

For this integral it cannot be found an angle in the r-complex  
                             plane to regularize it… 



Density Matrix Renormalization Group  

Ø From the main configuration space all the |k>A are built (in J-coupled scheme) 

Ø Succesivelly we add states from the non resonant continuum state and construct 
    states |i>B 

Ø In the {|k>A|i>B}J the H is diagonalized 
 

Ø ΨJ=ΣCki {|k>A|i>B}J is picked by the overlap method 
 
 
Ø From the Cki we built the density matrix and the N_opt states        
are corresponding to the maximum eigenvalues of ρ. 
    
 
 



◊  NCSM P.Navratil and W.E Ormand PRC 68 034305 

∆  GFMC S.C.Pieper and R.B.Wiringa  
   Annu.Rev.Nucl.Part.Sci. 51, 53  
Ø Collective attempt to calculate the charge radius 
   by all modern structure models 
Ø Very precise measurements on charge radii 
Ø Provide critical test of nuclear models 
 
   Charge radii of Halo nuclei is a very  
   important observable that needs  
   theoretical justification 

Experiment 

From radii...to stellar nucleosynthesis! 

   Figures are taken from 
PRL 96, 033002 (2006) and 
PRL 93, 142501 (2004) 
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SHELL MODEL (as usually applied to closed quantum systems) 

Largest tractable M-scheme 
   dimension ~ 109 

single particle Harmonic 
Oscillator (HO) basis 
 
nice mathematical properties: 
Lawson method applicable… 
 



HEAVIER SYSTEMS 

"    Explosion of dimension 

"    Hamiltonian Matrix is dense+non-hermitian 

"   Lanczos converges slowly 

ü Density Matrix Renormalization Group 

S.R.White., 1992 PRL 69, 2863; PRB 48, 10345 
T.Papenbrock.,D.Dean 2005., J.Phys.G31 S1377  
J.Rotureau 2006., PRL 97, 110603 
J.Rotureau et al. (2008), to be submitted  

bound-states 
resonances  

non-
resonant 
continua 

A 

B 

Ø Separation of configuration space in A and 
   B      
 
Ø  Truncation on B by choosing the most     
    important configurations 
 
Ø Criterion is the largest eigenvalue of the    
    density matrix 



Form of forces that are used 

SGI 

SDI 

Minnesota 
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EXPERIMENTAL RADII OF Be ISOTOPES 

W.Norteshauser et all 
nucl-ex/0809.2607v1 

interaction cross section measurements 

GFMC 

NCSM 
PRC 73 065801 (2006) 
          and 
PRC 71 044312 (2005) 

       PRC 66, 044310, (2002)  
                    and 
Annu.Rev.Nucl.Part.Sci. 51, 53 (2001)  
 

FMD   

ü  7Be charge radius provides constraints for the  
    S17 determination 
 
ü Charge radius decreases from 7Be to 10Be and  
   then increases for 11Be 
 
ü  11Be increase can be attributed to the c.m motion 
     of the 10Be core 

The message is that changes in charge distributions 
provides information about the interactions in the 
different subsystems of the strongly clustered nucleus!  

11Be 1-neutron halo 



The charge radius of 6He as a function of the S2n 

Black line: Core polarization was not included. 
Red line: Core polarization is taken into account. 
We use a 4% increase of the α-core pp radius as  
it was estimated by GFMC calculations.  

ü  The narrow experimental error bars  
     suggest that the S2n should be 
     calculated with a high precision if one  
     aims in a detailed description of the 6He 
     radial extent.  
 
ü  When this condition is met the p3/2 state 
    had a dominant occupation of about 90% 
    in the 6He g.s. 

ü  For this p3/2 percentage and the correct S2n, the geometry of the neutrons (correlations)  
    and the radial extent is such,  so as the calculated radius is in a satisfactory agreement 
    with the experiment.  

Blue line: Core polarization + s.o effect 

 Next comes 8He… 



Valence neutrons correlations in 6He 

à Two particle density is characterized by   
    two peaks. One lies at small angle and 
    the other at larger.  

à In 6He the “di-neutron” configuration  
    is more  pronounced. 

We see that the neutrons 
in 6He, spend most of their time 
on the one side of the nucleus, rather 
on opposite sides  
(increased recoil motion of the alpha-core…)  

The 2-body density is calculated as: 

sgHerrrrsgHer .)()()(.),( 6
1221

6 θθδδδθρ −−−=

G.F.Bertsch and H.Esbensen 
Ann.Phys.209,327 (1991) 





Recoil term  and Interaction treatment 

Expand  ip  and  the Interaction  in  a  HO basis 

Greek letters are oscillator shells 
Latin are Gamow states 

ü No complex scaling is involved 
 
ü Gaussian fall-off of HO states provides 
   convergence 
 
ü  In the expansion we used up to n ~ 16-20 HO 
    radial nodes. (N = 2n + l). 
    The length parameter of the HO is b=2fm 
 
ü  For n ~ 16-20 there is no dependence on the 
   choice of b. 
 
 
      

  
 

PRC 73 (2006) 064307 
       G.Hagen et al 



Pairing and Separation energy in weakly bound systems 

In the vicinity of weak binding the  
chemical potential (s.p field) and the  
pairing (many-body correlations) 
become equally important 

In this region effective interactions 
Are strongly affected by isospin 
  
Many-body correlations and continuum 
coupling are essential 

For neutron-rich He isotopes 

chemical potential and 
pairing gap have same 
magnitude. 



Spin-orbit contribution to the charge radius  

ü  As we shall see , the spin-orbit and core-polarization have a similar magnitude  
 

à The spin-orbit correction to the charge radius is: 
(J.Friar et al Adv.Nucl.Phys. 8, 219, (1975)) 

The charge distribution in Helium halos is consistently described by: 
 
à The orbital motion of the core around the center of mass of the nucleus 
 
à  The polarization of the core by the valence neutrons 
 
à The s.o contribution caused by the anomalous magnetic moment of the neutron  


