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INTRODUCTION 
Microscopic approaches using effective N-N interactions yield,  
in the best cases, absolute binding energies with an accuracy of some 
MeV 

Relative binding energies, like fission barriers or Q-values, 
may appear sometimes better represented (due to some error 
cancellations) but in general may suffer from similar uncertainties 

Nucl.         B1            IS E*          B2  Fission barriers and fission 
============================  isomeric state energies (in Mev) 
230Th  6.1   4.9          6.5   4.4  (« experimental » and theoretical*)           
232Th  5.8   5.5     2.8   1.2     6.2   4.1  using a somewhat crude estimate  of  
234U  5.6   5.5          5.5   5.1    the rotational corrections (à la Lipkin) 
236U  5.6   6.2     2.3   1.5     5.6   4.6  for the O+ fission barrier    
240Pu  5.6   7.1     2.4   1.3     5.1   4.1  * L. Bonneau, P. Quentin and D. Samsoen, 
252Cf  5.3   7.1          3.5   2.9   Eur. Phys. J. A21, 391 (2004) 
252Cf  5.3   7.1          3.5   2.9    

 (SkM* interaction plus seniority force for BCS pairing) 



Here, we will concentrate mostly on deformation energy curves 
(surfaces) associated with the fission process of heavy nuclei and 
study some errors on relative energies in usual calculations 

The consequences of relative energy errors for life time estimates 
may be, of course, serious e.g. for spontaneous fission of actinide 
nuclei    |ΔB| ~ 1 MeV       |Δ (ln τ)| ~ 4 
(see e.g. the textbook « Nuclear Fission » by J.H. Huizenga and R. Vandenbosch) 

Limiting ourselves to some source of errors in relative energies 
which appears to be systematical, they may be considered to be of 
general relevance (within a given reasonable theoretical frame) 
irrespective of the errors inherent to more specific calculations 

Two examples will be considered here 
1) Pauli correlations: treatment of the Fock term in HF (HFB) 
calculations whenever (as usual) the Slater approximation is used 
2) Restoration of the parity symmetry whenever one considers 
intrinsic solutions which are not left-right reflexion symmetric 



Microscopic evaluation of fission barriers  

1D fission barriers are merely simple model parametrizations 
A slightly better concept should consider fission barrier distributions  
They are « experimentally » obtained from  
diverse analysis of specific data 

Microscopic calculations using effective N-N interactions  
or their DFT avatars have however tried to reproduce at least the 
fission barrier heights of 0+ even-even  
compound nuclear (ground) states 

First attempts date back to 1973  
(the SIII Skyrme force being used,  
plus some seniority force for BCS pairing) 
yielding reasonable values only  
for the first barrier of 240Pu 
H. Flocard, P. Quentin, D. Vautherin, A.K. Kerman 
« Physics and Chemistry of Fission » 1973 Vol.1 p.221 



Of course the errors considered here are, by far, not the only ones : 

A) The mere consideration of the 1-body part of the self-consistent  
inclusion of a simplified center of mass correction (à la Lipkin) 

 δ(H – Ecm) = 0 
where Ecm is the kinetic energy of the center of mass, possessing  
a 1-body part and a 2-body part (Ecm = Pcm

2 / 2mA) 
Most Skyrme forces, as SIII, SkM*, SLy4 for instance, have been 
fitted upon skipping, to ease the calculations, the 2-body part of Ecm  
It entails a renormalization of the mass in the variational process  

 m  m (1 – 1/A) 

M. Bender, K. Rutz, P.-G. Reinhard and J.A. Maruhn, Eur. Phys. A7 (2000) 467 
comparing SLy4 and SLy6  calculations have shown that full and 1-
body cm corrections may show differences in the relative energies of   
~ 0.5 MeV between the ground state and the second barrier in 240Pu. 
Yet this difference is found negligible with respect to the effect of the 
difference of surface tensions needed to fit the ground state binding 
energies in presence of various cm corrective terms (~ 4 MeV !) 



B) Errors corresponding to the improper treatment of  
the relative cm motion between two (pre-) fragments. 

J. Skalski, Phys. Rev. C74 (2006),05 1601(R) has shown that the removal of  
this spurious energy has a very significant effect on conditional 
(when below the Businaro-Gallone point) barrier heights for  
medium-heavy fissioning nuclei (as e.g. 70Se studied in L. Bonneau and  
P. Quentin, Phys. Rev. C72 (2005), 01 4311) 

As well known, in such light nuclei the scission point is  
in the immediate vicinity of the saddle point 

It is likely that this should have a small effect on the first fission  
barrier heights or even isomeric excitation energies in heavy nuclei. 



C) Zero point motion for collective modes 

One should distinguish between vibrational and rotational modes 

Vibrational 
They correspond to large or small amplitude modes, 
along the fission path or « orthogonal » to it 
Some are taken care of, as for (β,γ) quadrupole modes sometimes, 
some are not … 
They are essentially not systematically varying,  
They are thus potentially important but not clearly predictible 

Rotational  
Usually taken care of within a Lipkin approach,  
e.g. for a rigid collective rotation of an axially symmetric solution 

 E(0+) = Eintrinsic   -   <I 2> / 2 J 
where the expectation value of the total angular momentum I squared  
is taken for the intrinsic state and J  is the relevant moment of inertia 



Upon increasing the elongation both <I2> and J increase with Q20  
see e.g. the examples of five even isotopes of Cf in 
L. Bonneau, P. Quentin and D. Samsoen, Eur. Phys. J. A21 (2004) 391 
Overall, the rotational correction is an increasing function of Q20 
In the case of the Cf isotopes, one finds in the above paper 
the following correction energies (in MeV) at barriers B1 and B2 
and at the fission isomeric state (IS) 

   A         B1      IS       B2 
=================== 
   248   1.1     1.9     2.6 
   250   1.1     1.6     2.7 
   252   1.0     1.6     2.3 
   254   1.0     1.5     2.6 
   256   1.0     1.5     2.5 



As opposed to the vibrational zero point motion correction 
the rotational one provides a systematical effect 
lowering the barriers as compared with intrinsic ones 

However, to get better corrections, as shown e.g. in  
M. Bender, P. Bonche and P.-H. Heenen, Phys. Rev. C70 (2004) 054304 
where angular momentum projection on the O+ state has been made, 
one notes that the rigid rotor assumption significantly overestimates  
the rotational correction 



As a final introductory remark 

Ideally our approach is relying on an effective Hamiltonian 
for which we search for a solution within some given approximation 
(HF, HFB, HTDA…) 

From that solution, we try to go further including refinements  
(further correlations of various types, symmetry restoration) 

Thus we accept that at a given stage we are not fully consistent  
with data, in so far as we want to leave some room for improvements 

In reality, this is of course more complex 
- we cheat sometimes on approximating more or less grossly  
the Hamiltonian when « improving » the approach 
- we do not leave any room for improvement on e.g. (and mostly) 
binding energies, fitting them as best as possible (what about 
e.g. the effect of RPA zero point motion energies ?) 



1)   FROM SLATER TO EXACT 
COULOMB EXCHANGE TERMS 

           J. Le Bloas, Meng-Hock Koh, P. Quentin, L. Bonneau and J.I.A Ithnin,  
           Phys. Rev. C84 (2011) 014310 

Most microscopic calculations use the infinite matter Pauli  
correlation function to compute the Coulomb exchange  
expectation value in a Slater determinant producing an EDF piece  
involving only the local proton density 

which yields the corresponding mean field piece  



Previous explicit tests 

Ground state HF solutions,  
8 nuclei  from 16O to 56Ni, 
spherical and deformed  
SIII Skyrme interaction,  
small s.p. H.O. basis 
C. Titin-Schnaider and P. Quentin, Phys. Lett. 49 B (1974) 397. 

Spherical subshell closed nuclei (9 nuclei) 
SkP and SkM* interactions 
J. Skalski, Phys. Rev. C 63 (2001) 024312 

Conclusions (for the Coulomb exchange energies) 
- Error relatively small 
- Astonishingly interaction independent 
- Decreasing with A (as expected) 



In the paper by C. Titin Schnaider and in this study 
we compute exactly Coulomb 2-body matrix elements  
in a deformed HO basis from Gaussian matrix elements  
using a Gaussian integral representation of a Yukawa interaction : 

We have performed HF plus BCS (constant G) calculations  
for 75 nuclei, considering spherical and/or deformed solutions 
using the SkM* Skyrme N-N interaction 



Direct 
Bulk + finite surface 

Exchange 
Infinite matter Slater 

Fit of total Coulomb 
as a purely direct 
term + finite surface 

LDM fits of calculated Coulomb energies 



ERROR COUL. EXCH. ENERGY ~ ERROR ON TOTAL ENERGY 
(spherical – equilibrium or constrained- solutions) 



(deformed solutions) 

CONCLUSION 
To predict the error  
on the total nuclear energy, it is  
sufficient to understand this error  
for the Coulomb exchange energy 

ΔECoul = ( Eexact – ESlater)/Eexact  in % 

EXCEPTION 



As in Skalski’s paper : same results for the three interactions in use 
Huge difference going from normal to superfluid solutions 

SPHERICAL SUBSHELL CLOSED NUCLEI 



Away from low s.p. level density the approximation becomes much 
better (from the study of isotonic series) 
Neutrons (as expected) play no role (flat isotopic results) 

SPHERICAL (CONSTRAINED) 
             SOLUTIONS 



Systematically the error is larger at equilibrium deformations 
(where the level density is lower) 
than what is obtained for other deformations 
(where the s.p. level density is higher) 

g.s. 

g.s. 

g.s. 
g.s. 

g.s. 

sph 
sph 

sph 
sph sph 

First barrier 
Fission isomer 



Deformation energy curve of 70Se 
(towards the symetric fission  
barrier) 
Anti-correlation  

between the proton pairing gaps 
and the error on Coulomb 
exchange energies 

Note that proton gaps are higher 
for Slater solutions than for exact ones 



A systematical fact present already in C. Titin Schnaider’s results  
and emphasized by Skalski : 

Hole states are pushed up by the Slater approximation  
(from their location in exact calculations) 
while particle states are pushed down  

As a result the proton s.p. level density at the Fermi surface 
is unduly enhanced by the Slater approximation 



Q-alpha values above 208Pb (in keV), SkM* interaction 

Parent 
  Nucleus  exp.   exact     Slater    error 
=================================  
212Po   8954      9107      8679     428 

214Rn   9208      9354      9000     354 

216Ra   9526      9599      9292     307 

218Th   9849      9890      9634     256 
================================= 

Error = Eexact – ESlater  >  disagreement of exact values with data 

Error decreasing away from the doubly magic 208Pb nucleus 



CONSEQUENCES FOR THE FISSION BARRIER HEIGHTS 

When using the Slater approximation, systematically, 
the ground state and isomeric energies will be calculated too high 
whereas the energies at the top of the barriers will be closer  
to their exact values 

Thus one expects e.g. that  
the fission barriers calculated within this approximation  
will be underestimated 

In our calculations for 240Pu (using the SkM* force) : 

 the exact first fission barrier is higher by 310 keV 
 the exact fission isomer excitation energy is higher by 280 keV 



MORE GENERAL CONCLUSIONS OF THIS PART 

-  One may hint a reason for why ΔECoul. Exch; / E Coul. Exch. 
decreases with increasing A and the level density  
(the Slater approximation is « semiclassical ») 

-  The Slater approximation systematically  
underestimate proton particle-hole energies 
(in the studied 70Se case by typically ~ 0.5 MeV)  
with obvious consequences on correlation properties 

-  One may not think, in view of its quantal character,  
of absorbing this error in a global fit of binding energies 
for the effective N-N interaction  
or EDF phenomenological parameters 



Surface enhanced interplay between Coulomb and strong 
interactions yield an upward shift of proton s.p. energies 
when treating RPA correlations 
See A. Bulgac and V.R. Shaginyan, Phys. Lett. B469 (1999) 1 

Yet, at the HF or HFB level  prior to RPA calculations  
(and influencing them) this error is present and must be corrected 



2) PARITY PROJECTION 
PhD Work of Tran Viet Nhan Hao 
(Bordeaux 1 Univ. 2010) 

The second fission barriers of actinides  
are unstable with respect to left-right  
assymetry 
P. Möller and S.G. Nilsson, Phys. Lett. 31 (1970) 283 

       
   

This phenomenon is driven by the heavy fragment shell effects 
explaining thus already at this early stage  of the fission process  
the asymmetric pattern of the fragment mass yields  
(at low compound nucleus energy) in  the U-Cm region 



In most microscopic or macro-microscopic  
calculations in the U, Pu, … region, after  
the fission isomeric state the intrinsic  
equilibrium solution acquires rapidly an  
octupole deformation which stabilizes at a  
somewhat large value, corresponding to  
the most probable fragmentation  

Yet parity is conserved  
during the fission process 
For instance considering the spontaneous fission of an even-even 
nucleus as 240Pu one should restrict oneself to the positive parity 
part of a deformation energy curve as a fission barrier 

In 240Pu, the parity-projected HTDA (Highly Truncated Tamm 
Dancoff Approach) calculations of TranViet Nhan Hao  
gives a hint of a systematic underestimation  
of the second fission barrier height in unprojected calculations 

238U, D1S, CEA Bruyères le Châtel    
M. Girod, H. Goutte, J.F.Berger, D. Gogny 



Note : In covariant density functional approach calculations of 
B.N. Lu, E.G. Zhao and S.G Zhou, preprint (october 2011) 
one has suggested recently indications that the second fission barriers 
of U, Pu, Cm could be also γ - unstable (?) 



Calculations performed within the HTDA frame 
(HTDA = Highly Truncated Diagonalization Approach) 
which may be roughly summarized as 

 H= K + V  H = (K + U) + (V-U) + cst 

- The first term is a mean field model (1-body) Hamiltonian HMF 
suitably chosen to provide a first description as good as possible 
of the considered solution, e.g. resulting from HF (+BCS if needed)  
calculations whose ground state is a Slater determinant Φ0  
U may be the 1-body reduction of V for Φ0  
[ here using the SkM* Skyrme interaction (+ BCS with constant G) ] 

- The second term is the residual interaction Vresidual which allows to  
describe the correlations.  
For that part we simplify it by using for V a schematic interaction,  
and taking the corrresponding 1-body reduction for U accordingly 
[ here for pairing we take a zero range (delta) force ] 



The constant ensures that 

The many-body basis here is minimal, being composed  
- of the quasi particle vacuum Φ0  and  
- of one pair transfer states (|Tz| = 1) from s.p. states belonging  

 to a 12 MeV window centered around the Fermi sea 

Starting from a vacuum state Φ0 which breaks the intrinsic  
parity one obtains by solving the secular equation  
a correlated normalized state Ψ which breaks it also. Defining 

the projected energy on a state of parity p, is defined by 



We define a crude model assumption for H to simplify the approach 

This is due  
- partly to practical reasons,  
- partly to the fact that the so-called 1-body reduced mixed density  
is not non negative definite 

The latter creates problems with the fractional exponents  
of the density dependent and the (Slater approximated) Coulomb  
exchange parts of the two-body interaction 

We equate the two first above matrix elements  
this would be fully justified if we would do « exact » HTDA 
calculations: 

Upon taking two parity transformed V1body potentials 
for each matrix elements 



For the two last terms 
We resort to a somewhat stringent approximation which might be 
justified perturbatively for not too large octupole deformations. 
In practice we take the HTDA Hamiltonian resulting from a 
calculation at the considered value of the quadrupole moment Q20  
but for the symmetrical (i.e. Q30 = 0) case 
In that case clearly the two considered matrix elements are equal 

As a result, one gets for the projected energy 

The calculations of the overlaps and Hamiltonian matrix elements 
imply matrix elements between Slater determinants which allow the 
use of Löwdin techniques much easier to manage than the 
cumbersome Balian Brézin techniques at work in a HF plus BCS or 
HFB context 



Calculations have been performed around the fission isomeric state  
of 240Pu up to beyond the second fission barrier 

The Skyrme SkM* has been used to define the vacuum Φ0  
through some  HF plus BCS calculations with constant  
(separately for n and p) G matrix elements fitted as usual  
to reproduce reasonably well the odd-even binding energy 
differences in the considered mass region 

The HF s.p. states have been expanded on an optimized  
(axially symmetrical) HO basis corresponding at sphericity  
to the inclusion of 16 major shells 

The intensity of the delta force defining the residual interaction  
has been chosen so as to reproduce the Fermi surface diffusivity 

obtained at the top of the second barrier in HF + BCS calculations 



SkM* 
δ Res. Int. 

240Pu 



64 barn 70 barn 

85 barn 100 barn 



110 barn 

130 barn 160 barn 

120 barn 



CONSEQUENCES FOR THE FISSION PROCESS 

- The fission isomeric state is unstable with respect to the Q30 mode 
(similar observations have already been made by P. Bonche et al. or L. Robledo at al. 
as well as from our own results for the SD states in the Hg-Pb region) 
- As well known already from P. Möller and S. G. Nilsson the valley 
when rising towards the second barrier becomes more and more 
assymetrical with respect to the intrinsic parity.  
- Consequently much before reaching the second saddle point, one 
goes beyond the critical values where for a given Q20 the matrix 
elements                (where O stands for the Hamiltonian or the 
identity) vanish. In this case the projected and unprojected energies 
are similar 
- Thus, one expects that the positive parity fission barrier will be 
larger than the unprojected one, an effect due to the isomeric state 
instabilty 
The value as found here due to crude approximations is clearly 
disputable (~ 600 keV) but this likely appears as a systematical effect 



CONCLUSIONS 

Two systematical effects have been pointed out which lead to the  
conclusion that  usual microscopic calculations of fission barrier 
heights  for nuclei within or close to the actinide region may be 
suspected of yielding significant underestimations.  

These effects are related to a better description of the local 
minima (not the top of the barriers) 

While, the effect of the widely used Slater approximation for 
Coulomb exchange terms is corroborated by various convergent 
cross-checks, the effect of parity – projection is only proposed on 
a purely qualitative basis at this stage 


