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Shape coexistence in medium mass nuclei:  
some examples of experimental and theoretical comparison 
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Shape coexistence ; Universal phenomena 

74Kr 

  The last decade shown us that this exoctic phenomena is 
not rare. 

  From isolated case to « island of occurrence »  

  Balance between the tendency to stabilize nuclei in a 
spherical shape and the general deformation-driving 
tendency 

Kris Heyde and John L. Wood 
Rev. Mod. Phys. 83, 1467 (2011) 

a > b 
β >0 : prolate 

a < b 
β < 0 : oblate 

a = b 
β = 0 : sphère 

 Competition between energy gap and 
a residual interaction that lower the 
energy of such configuration 
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Shape coexistence in the proper sense only if 

(i) The energies of the states are similar, but separated by a barrier, so that 
mixing between the different components of the wave functions is weak and 
the states retain their character. 

(ii) The shapes involved are clearly distinguishable 

Shape coexistence ; Universal phenomena 



What we measure experimentally   
• Establish the shape isomer :  0+

2 

 Collectivity in such nuclei : level scheme and B(E2) . 

 Shape (oblate - prolate ?)  : Q0 

 Wave function mixing  ?  :  ρ²(E0) 

Shape coexistence ; Universal phenomena 
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Shape coexistence in medium mass 
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Shape coexistence in light Kr 
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prolate  oblate 

72(6)           84(18)           79(11)               47(13) 
Transition strenght : 
 ρ²(E0).10-3 

E. Bouchez et al.  
Phys. Rev. Lett., 90 (2003) 
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 Shape inversion  
 Maximum mixing of wave function in 74Kr 

Shape coexistence in light Kr 



•   The collectivity of the shape-coexisting   
 states are highly pertubated by the 

mixing 

Weak mixing ≈ quantum rotor 

Strong mixing  perturbation of the collectivity 
74Kr 

GSB 

Shape coexistence in light Kr 

A.Görgen, E.Clément et al., EPJA 26, 153 (2005) 



γ detection 

Pb 

The differential Coulomb excitation cross section 
is sensitive  to transitionnal  and  diagonal E2 
matrix elements 

E. Clément et al.  PRC 75, 054313 (2007) 
Particle detection 

 Very well known technique for stable nuclei 

Shape coexistence in light Kr 

SPIRAL1 



74Kr 

⇒ prolate deformation 

minimisation du χ2 : 

Negative matrix element  
(positive quadrupole moment Q0) 

⇒ oblate Deformation 

74Kr 

Positive matrix element  
(Negative quadrupole moment Q0) 

Shape coexistence in light Kr 

E. Clément et al.  PRC 75, 054313 (2007) 



  13 E2 transitional matrix elements 

  5 E2 diagonal matrix element   5 E2 diagonal matrix element 

  16 E2 transitional matrix elements 

Transition probability : describe the coupling between states  

Spectroscopic quadrupole moment : intrinsic properties of the nucleus 

74Kr 76Kr 

In  74Kr and 76Kr, a prolate ground state coexists with an 
oblate excited configuration 

E. Bouchez PhD  2003 

E. Clément et al.  PRC 75, 054313 (2007) 
E. Clément PhD  2006 

Shape coexistence in light Kr 



Shape coexistence in a two-state mixing model 

Perturbed states 
Pure states 

Extract mixing and shape parameters from set of experimental matrix elements. 

Configuration mixing 



Shape coexistence in a two-state mixing model 

Perturbed states 
Pure states 

Extract mixing and shape parameters from set of experimental matrix elements. 

Requires many spectroscopic informations. 

Assuming no 2+ mixing : 

 tanθ0 =      ------------------- M(E2,0+
22+

1) 

M(E2,0+
12+

1) 

Configuration mixing 



Shape coexistence in a two-state mixing model 

Perturbed states 
Pure states 

Extract mixing and shape parameters from set of experimental matrix elements. 

Model describes mixing of 0+ states well, but ambiguities remain for higher-lying states.  
Two-band mixing of prolate and oblate configurations is too simple. 

•  Full set of matrix elements : 
          0.69(4)  0.48(2) 

E. Bouchez et al. Phys. Rev. Lett 90 (2003) 

•  Energy perturbation of 0+
2 states 

cos2θ0   

76Kr 74Kr 72Kr 

0.73(1) 0.48(1) 0.10(1) 

E. Clément et al. Phys. Rev. C 75, 054313 (2007) 

o Excited Vampir  approach: 0.6 0.5 
A. Petrovici et al., Nucl. Phys. A 665, 333 (00) * 

* 

Configuration mixing 



"   Several theoretical approaches, such as shell-model methods, self-
consistent triaxial mean-field models or beyond-mean-field models predict 
shape coexistence at low excitation energy in the light krypton isotopes..  

Comparison with theory 



A. Petrovici et al., Nucl. Phys. A 665, 333 (00) 

Excited VAMPIR calculations 



•  In-band reduced transition probability and spectroscopic quadrupole moments 

GCM-HFB (SLy6)  M. Bender, P. 
Bonche et P.H. Heenen,  
Phys. Rev. C 74, 024312 (2006) 

GCM-HFB (Gogny-D1S) 
E. Clément et al., PRC 75, 054313 (2007) 
M. Girod et al. Physics Letters B 676 (2009) 39–43 

Mean field model 



Restricted to axial 
symmetry : no K=2 
states 

B(E2) values e2fm4 

 HFB+GCM method  
Skyrme SLy6 force  
density dependent pairing 
interaction 

  Inversion of oblate and 
prolate states 

  Collectivity of the prolate 
rotational band is correctly 
reproduced 

  Interband B(E2) are under estimated 

γ	


E. Clément et al., PRC 75, 054313 (2007) 

Mean field model : Skyrme 



Axial and triaxial degrees of freedom 
 HFB+GCM with Gaussian 
overlap approximation 
Gogny D1S force  

E. Clément et al., PRC 75, 054313 (2007) 

Mean field model : Gogny 



The agreement is remarkable for excitation energy and matrix elements  

  K=0 prolate rotational ground state band 

  K=2 gamma vibrational band 

  2+
3 oblate rotational state 

  Strong mixing of K=0 and K=2 components for  
2+

3 and 2+
2 states 

  Grouping the non-yrast states above 0+
2 state 

in band structures is not straightforward 

γ	

γ	


E. Clément et al., PRC 75, 054313 (2007) 

Mean field model : Gogny 



Mean field model : Gogny 

M. Girod et al. Physics Letters B 676 (2009) 39–43 



Potential energy surface using the Gogny GCM+GOA appraoch 

M. Girod et al. Physics Letters B 676 (2009) 39–43 

Mean field model : Gogny 



M. Girod et al. Physics Letters B 676 (2009) 39–43 

Mean field model : Gogny 



axial quadrupole deformation q0          ↔  triaxial quadrupole deformation q0, q2 
(exact GCM formalism)                     Euler angles Ω=(θ1,θ2,θ3)                                      

                      → 5-dimensional collective Hamiltonian 
                                        (Gaussian overlap approximation)  

Difference #1: effective interaction 

very similar single-particle energies 

→ no big differences on the mean-
field level 

Triaxiality seems to be the key to describe prolate-oblate shape coexistence in this region 

•  Good agreement for in-band B(E2) 
•  Wrong ordering of states: oblate 
shape from76Kr to72Kr 
•  K=2 outside model space 

M. Bender and P. –H. Heenen 
Phys. Rev. C 78, 024309 (2008) 

Is the triaxiality the key ? 
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Shape coexistence in light Se 



G. Rainovski et al., 
J.Phys.G 28, 2617 (2002) 

•  70Se oblate near ground state 
•  Prolate at higher spin 

Shape coexistence in light Se 



Qs from Gogny configuration mixing calculation 

"    Good agreement of B(E2) 

"    Shape change in the GSB in 70,72Se 

"   70,72Se behaviors differ from neighboring Kr and 
Ge  
Isotopes 

 No 0+m observed so far 

A. Obertelli et al., PRC 80, 031304 (R) (2009) 
J. Ljungvall et al., PRL 100, 102502 (2008) 

Shape coexistence in light Se : comparison with Gogny force 
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Shape coexistence in light Sr 



D1S, GCM+GOA Exp 

2220(270) e²fm4 2350 e²fm4 

1575 e²fm4 

A. Lemasson et al., PRC 85, 041303 (R) 2012 

Q0
s = -92 efm² (prolate) 

Shape coexistence in light Sr 

Onset of deformation : 

  Intrinsic higher deformation ? 
  Reduced mixing ? (triaxiality 
related ?) 
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Mixing  triaxiality  
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Shapes in A ≈70 at N ≈ Z 



  The mean field calculations reproduce the experimental data and show 
very nice systematic 

  However, the microscopical origin of the increase of deformation, the 
shape coexistence and mixing is not accessible due to the lack of particle 
projection  

  Shell model calculations can provide a more fundamental basis … 

  However there are sever limitation due to the large valence space. 



M. Hasegawa et al. , Physics Letters B 656 (2007) 51–55 

Truncated f5/2p1/2g9/2d5/2 valence space (no active p3/2). 

Strong π-ν correlation since they occupy similar orbital 

Calculation only available for N=Z nuclei 

Only excitation energies 

Toward a more microscopical description ? 



Exp: increase of the B(E2)   higher deformation 
           less mixing 

Small occupation of gd 
Equivalent for both state in gd 
Favor large mixing  and  
smaller deformation? Increased occupation of gd 

Large difference for both state in gd 
Coherent particle in g9/2 increase  
deformation and disable mixing ?  g9/2 plays a central rôle 

 B(E2, 2+) not reproduced at all lack of the p3/2 
 Higher lying state ? Qs ? Other B(E2) ? 

Toward a more microscopical description ? 

M. Hasegawa et al. , Physics Letters B 656 (2007) 51–55 



K. Langanke et al. / Nuclear Physics A 728 (2003) 109–117 
Shell model Monte Carlo with complete 0f 1p–0g1d2s model space 

A. Lemasson et al., PRC 85, 041303 (R) 2012 
A. Gade et al., PRL 95, 022502 (2005) 

Toward a more microscopical description ? 



K. Langanke et al. / Nuclear Physics A 728 (2003) 109–117 

Kr 

Sr 
Zr 

o The increase of B(E2) between N=Z nuclei is correlated to the increase of g9/2 
occupation 
o The shape change & configuration mixing change in Kr isotope is not « visible » 
through the g9/2 occupancy 
o The rigidity enhancement is also not explicitly visible in the g9/2 occupancy 

opened symbol ->  closed symbol 
Lowering of g9/2 & g7/2 

Toward a more microscopical description ? 
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 Still missing a microscopical description of the shape evolution in the N=Z nuclei and in isotopic lines. 

  Some SM calculations have investigated the 2+ state in N=Z nuclei and in the Kr, Sr and Zr chain 
leading to incomplete conclusion  

 Area where oblate shape occur in the ground state ;How to produce oblate shape ? 
 T=1, f5/2p1/2 channel for Kaneko et al 
 T=0 g9/2 f5/2 channel for Petrovivi et al, 

    The Kr chain remains the case where lot of experimental information are known  
    (energies, B(E2), g factor, Qs …) ; should be an ideal case for SM-like calculations 
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Shape coexistence in n-rich isotopes 

 In a simplified picture, we play with the π-ν interaction by keeping the 
proton number equal and including beyond the νd5/2  up to the νh11/2 orbits 

 By opposition to the n-deficient side,  detailed spectroscopic data are rare 

g9/2- g9/2 

πg9/2- νg7/2h11/2 



   The n-rich nuclei between Z=37 and Z=40 
present at N=60 one of the most impressive 
deformation change in the nuclear chart  

  Systematic of the 2+ energy  
    (Raman’s formula : β2~0.17  0.4) 

  Localized within the Z degree of freedom  
 Point to an effect related to specific π-ν 
combinaison 

 

+ 2ν	


( ) 

S. Naimi et al., Phys. Rev. Lett. 105, 032502 (2010). 

M. Albers et al., Phys. Rev. Lett.  108, 062701 (2012) 

Shape coexistence in n-rich Kr-Sr 
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  Low lying 0+ states were observed in Sr 
and Zr isotopes 

  Shape coexistence scenario  
 Configurations are in strong competition 
for the Ground state  

  Remain challenging for theoretical model 
 strong π-ν correlation 
 In the SM, which orbital drive the 
deformation 
  In the MF, which degree of freedom ? 
GCM ? 
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Quadrupole deformation 

H
FB G

ogny D
1S 

Shape coexistence in n-rich Sr 



N=58 N=60 

C. Y. Wu et al. PRC 70 (2004) 
W. Urban et al Nucl. Phys. A 689 (2001) 

Shape coexistence in n-rich Sr 



ρ(E0)² = 53 m.u. 

N=58 

N=60 

ρ(E0)² = 180 m.u. 
ρ(E0)² is directly linked to deformation and mixing configuration 

Assuming β = 0.1 and β = 0.36 from  energies : 
ρ(E0)² compatible with a weak (15 %) mixing 

Shape coexistence in n-rich Sr 



N=58 

N=60 

C. Y. Wu et al. PRC 70 (2004) 
W. Urban et al Nucl. Phys. A 689 (2001) 

Lifetime compatible with β = 0.25  gradual shape change ? 

Recent results :  

Shape coexistence in n-rich Sr 



  The Electric spectroscopic Q0 is null as its B
(E2) is rather large  Quasi vibrator 
character ??.  

 No quadrupole ? but it doesn’t exclude 
octupole or something else ?? 

  The large B(E2) might indicate a large 
contribution of the protons 

B(E2↓) 
E. Clément et al., IS451 collaboration 

01,2
+ are mixed 15 % 

 using the B(E2) 

From the simplified  
tanθ0 = M12/M11 

Shape coexistence in n-rich 96Sr via coulex 



Preliminary 

Shape coexistence in n-rich 98Sr via coulex 

E. Clément et al., IS451 collaboration 



 98Sr : Coulomb excitation results from  γ-γ analysis 

Isomeric state ! τ =  1.2 (3) ns 



Comparison with Gogny 

"    Qualitatively good agreement 

"   The abrupt  change not reproduced 

The comparison of the Q0 is not direct in the 
case of non-axial nuclei (K≠0).   

Mean-field calculation sprovide Q0 in the 
nucleus frame as experiments results are 
obtained in the lab frame  



"   Very low energy of the 0+
2 state is not reproduced  

 overestimate the mixing  

Comparison with Gogny 
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K. Sieja et al  PRC 79, 064310 (2009) 

The shape transition is driven by the π-ν 
interaction between the πg9/2 and νg7/2 
orbits. 

Shell model comparison 

No calculation available for even Sr and Kr 



At the level of the 2+ energy, there is a nice agreement 

In the current valence space, need higher effective 
charge to reproduce the known B(E2). Related to the 
restricted  valence space (including at least the d5/2) 
even below N=60 

No calculation achievable for N=60 

More spectroscopic information  are coming in the Sr 
chain and later in the Kr 

W. Urban et al., Eur. Phys. J. A22, 241 (2004) 
W. Urban  J.A Pinston ., Eur. Phys. J. A16, 11 (2003) 

2d5/2 

g7/2 

h11/2 

9/2+ isomer identified  νg9/2[404]  
extruder neutron orbital from 78Ni core 

Create the N=60 deformed gap 

πg9/2 <-> νh11/2 influence ? 

Neutron excitation from d5/2 to h11/2  
  Octupole correlation ? 

K. Sieja et al  PRC 79, 064310 (2009) 

Zr 
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Shape coexistence in n-rich isotopes 



M. Albers et al  PRL 108, 062701 (2012) 

 Oblate shape  

Shape coexistence in n-rich Kr ? 



M. Albers et al  PRL 108, 062701 (2012) 

 Oblate shape  

Only 1 excited state in known : shape isomer ? Evolution of the yrast 
band ? Non-yrast band ? 

Extending the level scheme is the purpose of experiment in 
EXOGAM@ILL (2012-2013) and SPIRAL2 Day-1  

Shape coexistence in n-rich Kr ? 



Conclusions 

  In the light isotopes, there is a great success in the comparison between the Mean-
field approach and the experimental data 

  The triaxal degree of freedom is a key element 

  The development of  collectivity from triaxiality to rigid rotor is obtained in  the 
calculations and is compatible with the experimental observation 

  A microscopic description is missing 

  Detailed comparison in the Kr chain are possible up to high spins 

  Data are missing in the Se and Sr 

  In heavy isotopes, more data are coming beyond the 2+ in the Sr  and Kr chains 

  Microscopy description for the mixing ? 





During the desexcitation 
 of the nuclei, γ are emitted  in fligh and stopped  

Target and stopper at a distance d  

"   Measure the B(E2) through the lifetime of the state  

Shape coexistence in light Kr 


